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Gauge Theories, Gravity, the Regge Limit, and their Relations

The limitations of perturbation theory

@ The limitations of high energy physics are those of
perturbation theory

@ When it is well defined it is very difficult to make calculations
at higher orders

@ Interesting kinematic regions have ill defined perturbation
expansions

@ Interesting behaviour is lost in the expansion altogether
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Gauge Theories, Gravity, the Regge Limit, and their Relations

Effective Vertices means less diagrams

@ The number of diagrams grows unmanageably with the order
of a calculation

@ This makes expansions asymptotic in general requiring a
resummation

@ By calculating effective vertices we can drastically cut down
the number of contributing diagrams
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Gauge Theories, Gravity, the Regge Limit, and their Relations

High Energies and the need for resummations

@ At high center of mass energies s, powers of logarithms of the
energy can render this expansion invalid if kKy/slns ~ O(1)

@ Must work with an all order resummation.

@ These large logarithms alIn"(s) ~ aZ(ya — yg)" are
generated by final state configurations with strong ordering in
the rapidities of the emitted particles, with comparable
transverse momenta: Multi-Regge Kinematics

YA Y1 32> Y2 3> ... 3> Yo > YB,
k? ~ k2.

1
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Gauge Theories, Gravity, the Regge Limit, and their Relations

Resumming the logarithms
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Gauge Theories, Gravity, the Regge Limit, and their Relations

Effective Vertex in Multi-Regge Kinematics-1

The vertices in these diagrams are effective vertices

2
vk,
QH

4 ko

Figure: Lipatov Effective Vertex
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Effective Vertex in Multi-Regge Kinematics-2

The effective vertex is given by
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Gauge Theories, Gravity, the Regge Limit, and their Relations

Effective Vertex in Multi-Regge Kinematics-3

In gravity the vertex is given by

QHQY — NFNY
w © w @
Ne=2 k2R (P - T ) ~ —2iy/Bran (B + T
Sp’ k Sq’ k 62 aq

The N2 part cancels double poles in overlapping channels in
agreement with Steinmann's relations to preserve unitarity.
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Gauge? = Gravit
auge” = ravity

@ The relation between scattering amplitudes in gauge and
gravity theories has been the subject of extensive research in
recent years

o tree-level graviton (closed string) amplitudes can be written as
linear combinations of the product of gluon (open string)
amplitudes, as found by Kawai, Lewellen, and Tye (KLT)

grav YM o AYM
Mn ~ A,‘vn K’JAJ'JI .
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Gauge Theories, Gravity, the Regge Limit, and their Relations

Color-Kinematics duality-1

@ The Bern, Carrasco, and Johansson (BCJ) prescription allows
us to obtain graviton amplitudes from gluon amplitudes of
two YM theories.

@ The first step is to write the amplitude of a YM theory F as a
sum over all Feynman diagram topologies I' with only trivalent
vertices:

A(F)=g"2Y" C"”;(,f )
ier !

We can enforce Jacobi identity-like equations
J(Ma=ni+n£tn =0

for the numerators.
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Gauge Theories, Gravity, the Regge Limit, and their Relations

Color-Kinematics duality-2

When these equations hold we obtain a graviton amplitude for a
theory Z from two gluon amplitudes A,(F), A,()) in theories
F,Y with a YM sector and the same color structure using the
following formula

mz)=i(5) 3 )

: d;
iel

Crucially these work for loops at the integrand level.
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

Perturbative Einstein-Hilbert
Coupled to Scalars and the
Regge Limit
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

Feynman amplitudes

We calculate exact effective vertices in QCD, and take the Regge
Limit of the process

2 quarks — 2 quarks + gluon J

@ We calculate amplitudes with quarks and scalars, this
simplifies the calculation dramatically.

@ This also enables us to check whether the Multi-Regge limit is
blind the incoming particles

@ And explore BCJ in the presence of scalars
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit
QCD

Diagrams
(%)) @) (®,4)
(k,a) + 5& ,
(g:;m) (¢';m) (g:m)
(p.J) ®'1) (p.J)
+ (k,a) +
(¢;m) (¢';m) (¢,m)
(p.7) (p',1)
+ (k,a)
(¢:m) (¢'sm)

Figure: 2 quarks — 2 quarks + gluon
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

QCD

Gauge invariant subsets-1

We can split the amplitude into two gauge invariant subsets

t

My =M M
0 1+ 2+t—t/

Ms

tl
M, = Mz + My + HM‘F”
where, for future reference

t=(p—p)% t'=(q—q)?



Color-Kinematics Duality and the Regge Limit

Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit
QCD

Gauge invariant subsets-2

This split allows us to write the amplitude using a non-local,
gauge-invariant effective vertex

p p P P
M = kEooo+ k
q q q qd

Figure: Reconstructing the amplitude with gauge-invariant effective
vertices
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit
QCD

Exact Effective Vertex

@ This split gives exact non-local effective vertices

@ Useful for loop amplitudes via unitarity cuts to reduce the
number of topologies

Figure: e.g. 49 of the 2-loop 2-fermion QCD elastic amplitude diagrams
can be obtained from the ones above
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

QCD

Sudakov Variables

@ The multi-Regge limit is defined by a strong ordering in the
rapidity of the outgoing particles.

@ Sudakov particles are tailored for this because the separate the
transverse and longitudinal momenta while implementing
momentum conservation

The mapping is
pr=p—k, d =q+k, k=k —k
The new momenta ki, ko are off-shell and are parametrised as

ﬁ
ki =a1p+ P19+ ki1

.
ko = axp + B2q + koo
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

QCD

Multi-Regge Kinematics

In these variables, the multi-Regge Limit is very cleanly
implemented

_ ¢

1>>a1>>012:T

1> 62| > |61] = —

—t ot

S S
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit
QCD

Regge Limit

In the Regge Limit the amplitude is given by

p P’ p P Regge
hmlt
e ar k
q q q d
Figure: Reggeized Effective Vertex

M= e, (ki — kz)(2gp T ) (%’) Feobry (%’) (2qu' Tn"m)

with [ being Lipatov's effective vertex

» . 2t v 2t v y
ruo = 18Nuoc [(al - 5752> p + (52 - E) q — (kl + kZ)L]
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

Gravitons and scalars

Effective Vertex in Einstein-Hilbert Gravity

To minimize the number of contributing Feynman diagrams and
the complexity of the amplitude, we analyze the gravitational
scattering of two distinct scalars

2 scalars — 2 scalars + graviton J




Color-Kinematics Duality and the Regge Limit
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Gravitons and scalars

Diagrams
P v P \’\’L P P P
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

Gravitons and scalars

Gauge invariant subsets-1

As in the QCD case analyzed above, our aim is to decompose the
total amplitude in terms of gauge invariant combinations. Here we

define
M¢:M1+M2+M/ and M¢:M4+M5+M”,
where
I t " __ t’
M= ——(Ms+Mr), M= (Ms+My).

The total amplitude can be written as
t/ t

Remarkably, after a long calculation one can show that the last
term cancels
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

Gravitons and scalars

Gauge invariant subsets-2
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Perturbative Einstein-Hilbert Coupled to Scalars and the Regge Limit

Gravitons and scalars

Multi-Regge limit

If we factor out the coefficient of the transverse momenta,
—iM = —iAuM" €, (k)

we obtain the expected behaviour for a gravity amplitude in the
multi-Regge limit

M = QUQY — NN
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Color-Kinematics Duality and

Scalar QCD
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BCJ with Scalars-1

(p.5) ('4) (».5) ') (p.J) ')
(k.a)  + (k,a)  + (k.a)
(g,n) (q',m) (g.m) (q';m) (¢,n) (q',m)
(».4) (#'d) (».J) (280 (p.J) @'4)
(k,a)  + (ke  + (k,a)
(g,n) (g',m) (g,n) (q',m) (g,n) (q',m)
(p.) (280
+ (k,a)
(g,n) (¢',m)

Figure: Contributing diagrams to the five point sQCD amplitude with
distinguishable scalars
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BCJ with Scalars-2

The amplitude

GN G N GN GN GN G N GN
A= 3(/11 /22 3/3+ 44+ 55+ 66+ 7/7)’
t'Sprk t'Spk t tSq/k tSqk t tt

has numerators with different dimensionality that we must absorb
using the relations between color factors

G-G+G = 0,
G+G -G = 0,
G-G-G = 0,
G+G—-GCG = 0
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Lol chenatis Dusty nd Sealr GCD L
BCJ with Scalars-3

GN;  GN,  GNy  GN.  GN,
A:3<,11+,22+44+55+7/7>.
t'Spr i t'Spk tSqk tSqk tt

which leaves the following BCJ equations
Ny~ N+ NS =0, N, — N — N =0.

We apply now color-kinematics duality to construct the amplitude:

v (BY (MM %@+MM+%M+MM
S \2 t'sy t's ts,r ts tt/ ]’
p’ k pk q’ k gk
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Lol chenatis Dusty nd Sealr GCD L
BCJ with Scalars-4

We can also absorb N7

Al g (G LGN G G
t/Sp/k t'/Spk tSq/ k tSqk ’

and impose

N/ — N + N — N =o0.

v (5 WM+W@+WM+W@
S \2 t/ ! '
Sp'k t'spk tSq/ k tSqk
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Multi-Regge limit

If we factor out the coefficient of the transverse momenta,
—iM = —iAuM" €, (k)
we would expect a gravity amplitude to have the multi-Regge limit
MM = QMY — NN

However, in both cases we only capture M* = Q*Q"Y which is
universal
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BCJ and Dimensional
Reduction
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BCJ with scalars at five points-1

1 2 3 4 5
1 3 3 1 AR E 3
5 5
oG oK oK K
2 4 2 4 2 4 2 4 2 4
6 7 8 9 10
5 5 5
l ‘ - ‘ 3 1:K3 1 g lig
5
u 12 13 14 15
5
1 3 1 /3 1 /3 1 3 1 /3
B PG
2 4 2 4 2 4 2 4 2 4
5 5

Figure: The fifteen three-vertex topologies contributing to the sum in the
amplitude (1). The labels 1-4 correspond to the scalars and 5 to the
gluon.
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BCJ and Dimensional Reduction

BCJ with scalars at five points-2

b
J2
J3
Ja
Js
J6
i
Js
Jo

As =

c12 — 6+ a5 =0,
c1i1 —¢r +ca =0,
—C4+ 5+ c3 =0,
c1—c—c3=0,
—c10 + G — c14 = 0,
—c3+cg — 15 = 0,
¢4 — c10 + a3 = 0,
cg+cr—c=0,
C6—|—C9—C1:0.
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BCJ with scalars at five points-3

5 cin: 9 15 ol
i . i
As = E + E Yada = Ia
el d
i=1 a=1 i=1
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BCJ and Dimensional Reduction

Distinguishable scalars.

We can find a solution to the BCJ equations by taking both scalars
to transform in the adjoint representation and introducing a matter
super-symmetric self-coupling for the two scalars of the form

AL = g;ﬁ ([cb, ¢’]2).
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BCJ and Dimensional Reduction

Indistinguishable scalars.

We can also relax distinguishability.
@ Four scalar interaction not needed in this case.

@ Remarkably, these numerators obtained from the application
of the Feynman rules automatically satisfy the Jacobi-like
identities

@ This happens with four point YM amplitudes but it is the first
example at five points.

@ Could provide insight into the structure of the BCJ equations.
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BCJ and Dimensional Reduction

Dimensional Reduction-1

@ The two cases can be thought of as the bosonic sectors of
N =2and N =1 SYM theory.

@ Alternatively, the interaction term is generated by
dimensionally reducing D = 6 pure Yang-Mills to D = 4.

= A4, ¢/ = A5
FM4 = D,uq), FM5 = D,uq)/, F45 = —ig[d), (D/],
The four-dimensional Lagrangian is then

L= f%Tr (FurF™) + %Tr (Du®D ®) + %Tr (Duo' Do) + %2Tr (EXIPE
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BCJ and Dimensional Reduction

Dimensional Reduction-2

The existence of BCJ solutions guarantees that the double copy of
these theories are indeed gravity theories. Reassuringly these have
the correct Regge limit

MM = QMY — NN
The four scalar interaction has a BCJ dual of the form
AL ~ K*g" $'%9,0, 2.

This term typically appears in the bosonic sector of SUGRA
theories, or in dimensional reductions of D > 4 gravities.
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Conclusions-1

@ We have confirmed that the Regge limit of a gravity theory
coupled to scalars has the expected double copy structure
QLQY — NFNY.

@ Found exact gauge invariant effective vertices that could be
used to efficiently generate higher loop amplitudes in gravity,
drastically cutting down the number of topologies.
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Conclusions and Outlook

Conclusions-2

@ Introduced BCJ into the picture motivated by the relation
between BCJ, the double copy and the multi-Regge Limit.

@ Naive attempts to apply BCJ to scalar QCD amplitudes only
recover the Q¥QY term in the Regge limit.

@ To be expected given that we are essentially squaring the term
that dominates the gauge theory amplitude.



Color-Kinematics Duality and the Regge Limit

Conclusions and Outlook

Conclusions-3

@ Fine tune the scalar QCD theory to find examples of
amplitudes that have solutions to the BCJ equations

@ Their double copy gives the desired Q*QY — NNV, giving
further evidence that these are gravity amplitudes.

@ Can be explained in hindsight by dimensional reduction.

o First trivial five-point BCJ solution.
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Outlook

@ Most promising avenue lies in exploring the invariant space of
solutions under the relabellings transforming the trivalent
color factors of the amplitude into each other.

e Finding solutions to the BCJ equations is difficult both at
tree- and loop-level.

@ The problem of the existence of these solutions for loop
amplitudes remains open.

@ Understanding into the relation between gravity and Yang
Mills

@ Might point to some modification of gravity that is finite
and/or renormalizable.
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