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Motivation
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Indirect detection of Dark Matter (DM) depends on DM distribution 
in the observation target.	


!

• observations do not provide much information	


!

• “spoiled” by baryons	


!

• most of our knowledge on DM halos come from N-body 
simulations	


!

• what do N-body simulation tell us about the quantities neutrino 
telescopes are interesting in (density and velocity distribution)?

Dark Ghosts - 1st GNN workshop on Indirect DM searches



N-body simulations
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• Huge numerical algorithms following evolution of DM 
structures from primordial fluctuations (from δ=0.1 to δ=105)	



!
• Filling a box (side=L) with a certain number of particles N, 

requiring the DM density to be the cosmological one Ωm	


!

• mass mP of the DM “particle” is fixed (Millennium-II: L=100 
Mpc/h, N=107, mP=6.89×106M⊙/h)

Dark Ghosts - 1st GNN workshop on Indirect DM searches

Boylan-Kolchin et al. (2009)
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N-body simulations
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Pure gravity predictions at large scales 

Springel+06 Springel et al. (2006)



Caveats
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• Mass and “length” resolution	


!

• Simulations are usually DM-only (no baryons)

Dark Ghosts - 1st GNN workshop on Indirect DM searches

Navarro et al. (2009) Pillepich et al. (2013)

The Diversity and Similarity of Simulated Cold Dark Matter Halos 3

Figure 1. Spherically-averaged density (left) and circular velocity (right) profiles for the Aq-A halo simulation series. Different colours
correspond to different resolution runs, as labeled in the figure. The density profile is multiplied by r2 in order to emphasize small
deviations. The bumps in the outer regions may be traced to the presence of substructure and unrelaxed tidal debris. Profiles are shown

from ∼ 3r200 down to the “convergence radius”, r(1)
conv , corresponding to the radius where the relaxation time, trelax, is of the order of

the age of the Universe. The thick portion of each profile indicates the region r > r(7)
conv where trelax is more than 7 times the age of the

universe and where stricter convergence is achieved. Outside r(7)
conv circular velocity estimates converge to better than 2.5% (see Fig. 2).

The dot-dashed line shows an Einasto profile with α = 0.17 matched at (r−2,ρ−2), the peak in the r2ρ profile. This provides an excellent
fit to the structure of the inner regions of the halo, as shown by the residuals plotted in the bottom panels. Arrows indicate the softening
length hs of each simulation.

2.1 The Cosmological Parameters

All our simulations assume a ΛCDM cosmogony with the
following parameters: Ωm = 0.25, ΩΛ = 0.75, σ8 = 0.9,
ns = 1, and Hubble constant H0 = 100 h kms−1 Mpc−1 =
73 kms−1 Mpc−1. These cosmological parameters are the
same adopted in previous numerical work by our group,
such as the Millennium Simulation of Springel et al. (2005),
and are consistent, within their uncertainties, with con-
straints derived from the WMAP 1- and 5-year data analy-
ses (Spergel et al., 2003; Komatsu et al., 2008) and with the
recent cluster abundance analysis of Henry et al. (2008).

2.2 The Code

The simulations were carried out with a new version of
the GADGET (Springel et al., 2001; Springel, 2005) parallel
cosmological code. This version, which we call GADGET-3,
has been especially developed for this project, and imple-
ments a novel domain decomposition technique in order to
achieve unprecedented dynamic range in massively-parallel
computer systems without sacrificing load balancing or nu-
merical accuracy. Time stepping is carried out with a kick-
drift-kick leap-frog integrator where the timesteps are based
on the local gravitational acceleration, together with a con-
servatively chosen maximum timestep for all particles.

Pairwise particle interactions are softened with a spline
of scalelength hs, so that they are strictly Newtonian for par-

ticles separated by more than hs. The resulting softening is
roughly equivalent to a traditional Plummer-softening with
scalelength ϵG ∼ hs/2.8. The gravitational softening length
is kept fixed in comoving coordinates throughout the evo-
lution of all our halos. The dynamics is then governed by a
Hamiltonian and the phase-space density of the discretized
particle system should be strictly conserved as a function of
time (Springel, 2005).

2.3 Halo Selection

All halos in the Aquarius suite were identified for resimu-
lation in a 9003-particle parent simulation of a 100 h−1Mpc
box. The identification technique selects all ∼ 1012 M⊙ halos
in the box and chooses, at random, a few of them that sat-
isfy a mild isolation criterion (no neighbour exceeding half
its mass within 1h−1 Mpc). This criterion is only imposed
in order to remove halos in the vicinity of massive groups
and clusters, which may have evolved differently from the
average.

Each halo is then resimulated at various resolutions,
making sure that each resimulation shares the same power
spectrum and phases at all resolved spatial frequencies. Ini-
tial displacements are imprinted using the Zeldovich ap-
proximation and a ‘glass-like’ uniform particle load (White,
1996). The 100 h−1Mpc simulation box is divided into
a “high-resolution” region, which corresponds to the La-
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particles contained in this ROI (thick black line), as well
as the baryonic components (cyan lines). For compari-
son, we also plot a spherical density profile obtained by
binning in spherical shells all DM particles in Eris (thin
black line) and ErisDark (dashed magenta line).
The Eris galaxy is baryon dominated inward of 12.5

kpc. DM makes up only slightly more than half (55.5%)
of the enclosed mass within a spherical radius of 8 kpc,
implying that the circular velocity at 8 kpc is sourced in
about equal parts by DM and baryons. The local DM
density at 8 kpc in the disk plane is 0.42 GeV cm�3

(spanning between 0.82 and 0.27 GeV cm�3 in the 6-
10 kpc range) and it contributes only 27.5% of the total
matter density at this radius. The most recent obser-
vational constraints on the local DM density span from
1.25+0.30

�0.34 GeV cm�3 (Garbari et al. 2011) to 0.3 ± 0.1
GeV cm�3 (Bovy & Tremaine 2012), with large uncer-
tainties due to modeling assumptions: in this respect,
Eris’ local DM density appears in good agreement with
observationally inferred estimates. The total baryonic
content in Eris’ ROI (spanning between 2.7 and 0.6 GeV
cm�3 in the 6-10 kpc range) appears lower than the re-
sults from the Hipparcos satellite reported by Holmberg
& Flynn (2000), who derive an estimate of the local dy-
namical mass density of 0.1M� pc�3 = 3.75 GeV cm�3

to be compared with the measurement of 0.095M� pc�3

= 3.56 GeV cm�3 in visible disk matter only 2. While
this tension depends on the e↵ective thickness of Eris’
baryonic disk (still inevitably pu↵ed up compared to the
Milky Way because of resolution), it should be noticed
that the total surface density for |z| <1.1 kpc at 8 kpc
(48 M�pc�2) is remarkably consistent with the range of
local surface densities recently derived by Bovy & Rix
(2013).
Interestingly, the local DM density in the disk is about

31% higher than the spherically averaged DM density
at 8 kpc in the ErisDark simulation (0.32 GeV cm�3),
even though in ErisDark all of the matter is treated as
DM, while in Eris 17% is baryonic. This increase in the
local DM density is the result of a contraction due to the
dissipational processes occurring during the formation of
the Galactic disk. The local disk DM density in Eris is
also higher (by 34%) than its spherical average (0.31GeV
cm�3), indicating that at 8 kpc this contraction occurred
primarily in the plane of the disk rather than globally.
This conclusion is further strengthened by a compari-

son of the ellipsoidal shapes of the dark matter density
distributions in Eris and ErisDark. We followed the itera-
tive method described in Kuhlen et al. (2007) and applied
it to particles between 6 and 10 kpc from the host halo’s
center. As is typical for halos in dissipationless DM-only
simulations (e.g. Allgood et al. 2006), the ErisDark halo
is quite prolate, with intermediate-to-minor axis ratio
q = 0.53 and minor-to-major axis ratio s = 0.45. As ex-
pected (Katz & Gunn 1991; Dubinski 1994; Kazantzidis
et al. 2004; Abadi et al. 2010), the inclusion of dissipa-

2 The total baryonic density in Eris’ disk declines by about 40%
by varying the ROI height from 1 to 4 times the force resolution,
where 0.490 kpc is our estimate for the scale height of Eris’ disk.
On the other hand, the local DM density is insensitive to the choice
of the ROI height, up to |z| <2 kpc: this suggests already that if
a dark disk can e↵ectively be identified, its vertical extension will
be much larger than the baryonic disk’s.

Fig. 1.— Density profiles as a function of galactocentric radius
in the midplane (|z| < 0.1 kpc) of the stellar disk. The thick black
line is for all DM particles in the disk region, and the cyan lines are
the baryonic components. The thin black line is the spherically-
averaged dark matter density profile, for which R refers to the 3D
radius, and the magenta dashed line is the same for the ErisDark
simulation. The shaded band indicates the region we considered
for the velocity distribution analysis.

tional baryonic physics results in a more axisymmetric
and rounder DM halo in Eris. It is oblate with q = 0.99
and s = 0.69, and its minor axis is aligned to within 1.5�

with the angular momentum vector of the stellar disk
(and to within 7� of ErisDark’s minor axis).

2.3. Velocity Distributions

Scattering rates at DM direct detection experiments
depend on the shape of the DM velocity distribution
f(~v) at Earth. The relevant length scale (R�) is far be-
low the resolution limit even of state-of-the-art numeri-
cal galaxy formation simulations (few 100 parsec), so we
are forced to take a coarse-grained spatial average. In
ultra-high resolution purely collisionless (DM only) sim-
ulations, spatial variations in f(~v) at 8 kpc have been
investigated on ⇠ kpc scales (Vogelsberger et al. 2009;
Kuhlen et al. 2010). These studies found some spatially
localized sharp velocity features due to the presence of
subhalos or tidal streams, but only with a low probabil-
ity of ⇠ 10�2. For the present work we thus neglect any
small scale variations and consider the velocity distribu-
tion determined from all particles in a cylindrical disk
annulus to be representative of f(~v) at Earth.
The annulus we consider is aligned with the stellar

disk and has |R � R�| < 2 kpc and |z| < 2 kpc.3 In
Eris this region contains 81,213 DM particles and 830,068
star particles. From these we calculate distributions of
the radial (v

R

), azimuthal (v! ), and vertical (v
z

) veloc-
ity components, as well as for the velocity modulus (|~v|).
These distributions are shown in Figure 2. All distribu-
tions are separately normalized to unity (

!
f(v

i

) dv
i

= 1),
and have been smoothed with a boxcar window of width
50 km s�1 in order to suppress numerical noise stemming
from low particle counts. The distribution of the star’s
v! (cyan line in upper left panel) has been scaled down

3 Note that we have considerably extended the vertical extent
of the annulus ROI compared to the disk ROI used for the density
profiles (Sec. 2.2). This is necessary in order to get particle numbers
su�cient to determine velocity distribution.



Galaxy clusters (Phoenix project)
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• Smooth halo well fitted by Einasto (or NFW) profiles	


!
!
!
!
!
!

• Self similarity (halo-to-halo scatter)	



Gao et al. (2012)
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Figure 4. Left panel: Spherically-averaged density proÞle of halo Ph-A atz= 0. Different colors correspond to the four different resolution runs listed in
Table 1. The panel on the left shows the density multiplied byr2 in order to enhance the dynamic range of the plot. Each proÞleis shown with a thick
line connecting Þlled circles from the Òconvergence radiusÓ,rconv, outwards (Power et al. 2003). Thin curves extend the proÞles inwards down tor = 2#,
where# is the Plummer-equivalent gravitational softening length. Vertical dotted lines indicate, for each run, 2.8#, the distance beyond which pairwise particle
interactions are fully Newtonian. Note the excellent numerical convergence achieved for each simulation outside their rconv. An NFW proÞle with concentration
c= 5.63 (thin dashed brown line) and an Einasto proÞle with$ = 0.22 andcE = 5.59 (thin dashed magenta line) are also shown for comparison.Right panel:
Logarithmic slope (" = −dln ! /dln r) of the density proÞle as a function of radius. Colors and line types are the same as in the left panel. Note again the
excellent convergence achieved in all runs at radii outsidethe convergence radius,rconv.

Name Vmax rmax zh cE c QE QNFW $ Nsub fsub doff

[km s−1] [h−1Mpc]

Ph-A-1 1521.82 0.55 1.17 5.59 5.63 0.037 0.093 0.215 192,206 0.080 0.04
Ph-A-2 1527.24 0.55 1.17 5.72 5.96 0.039 0.075 0.216 26,896 0.071 0.04
Ph-A-3 1529.41 0.56 1.17 5.69 6.04 0.038 0.061 0.218 8,478 0.062 0.04
Ph-A-4 1538.88 0.59 1.17 5.71 6.14 0.052 0.063 0.219 1,049 0.049 0.04

Ph-B-2 1624.52 0.53 0.46 4.41 4.19 0.127 0.108 0.235 38,659 0.108 0.02
Ph-B-4 1623.12 0.56 0.46 4.40 4.06 0.107 0.117 0.276 1,657 0.081 0.02

Ph-C-2 1294.19 0.65 0.76 4.27 5.11 0.077 0.104 0.181 33,529 0.114 0.06
Ph-C-4 1310.19 0.78 0.76 4.34 4.72 0.085 0.112 0.185 1,489 0.095 0.06

Ph-D-2 1393.13 0.68 0.46 3.88 4.08 0.122 0.086 0.205 38,199 0.124 0.05
Ph-D-4 1436.10 0.65 0.46 4.03 4.34 0.136 0.127 0.212 1,491 0.093 0.05

Ph-E-2 1385.78 0.65 0.91 3.48 5.19 0.067 0.135 0.149 33,678 0.101 0.04
Ph-E-4 1399.96 0.68 0.91 4.02 4.82 0.048 0.079 0.181 1,547 0.070 0.04

Ph-F-2 1543.27 0.60 1.1 3.81 4.61 0.053 0.048 0.186 31,247 0.095 0.05
Ph-F-4 1559.44 0.62 1.1 4.00 4.54 0.059 0.057 0.203 1,547 .075 0.05

Ph-G-2 1561.75 1.06 0.18 0.78 3.33 0.100 0.221 0.097 42,528 0.168 0.17
Ph-G-4 1599.17 1.04 0.18 1.10 2.98 0.109 0.164 0.116 1,586 0.140 0.17

Ph-H-2 1676.43 1.14 0.21 1.98 4.66 0.155 0.212 0.117 35,048 0.095 0.1
Ph-H-4 1710.19 1.14 0.21 2.75 3.59 0.109 0.115 0.178 1,437 0.069 0.1

Ph-I-2 2236.05 1.03 0.56 4.18 4.86 0.041 0.059 0.190 35,754 0.102 0.02
Ph-I-4 2269.09 1.05 0.56 4.48 5.02 0.045 0.051 0.208 1,641 0.073 0.02

Table 2. Basic structural parameters of Phoenix clusters atz= 0. The leftmost column labels each run, as in Table 1; the second and third columns list the
peak circular velocity,Vmax, and the radius,rmax, at which it is reached. The concentration parameters of thebest NFW (Navarro et al. 1996, 1997) and Einasto
(Einasto 1965) Þts are listed underc andcE, respectively.QNFW andQE are the Þgures of merit of the best NFW and Einasto Þts, respectively. The column
labelled$ lists the Einasto shape parameter.Nsub denotes the total number of subhaloes with more than 20 particles identiÞed withinr200; fsub is the fraction
of the virial mass contributed by such subhaloes; anddoff is the distance from the gravitational potential minimum tothe centre of mass of particles within the
virial radius, in units ofr200.
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Name ⟨zh⟩ ⟨doff⟩ ⟨ fsub⟩ ⟨α⟩ ⟨Qmin⟩ ⟨Cχ⟩ ⟨χ⟩ ⟨Nm⟩ ⟨s⟩ ⟨Nv⟩ ⟨d⟩

Phoenix 0.65 0.061 0.109 0.175 0.086 1.75 −1.86 7866 −0.97 3984 −3.32
±0.36 ±0.047 ±0.027 ±0.046 ±0.041 ±0.29 ±0.04 ±965 ±0.02 ±317 ±0.10

Aquarius 1.65 0.032 0.071 0.159 0.048 2.19 −1.82 5092 −0.94 4033 −3.13
±0.65 ±0.011 ±0.022 ±0.022 ±0.012 ±0.14 ±0.02 ±677 ±0.02 ±500 ±0.09

Table 3. Comparison of the average properties of the six galaxy-sized Aquarius haloes and the nine cluster-sized Phoenix haloes. Sample averages are listed
for each quantity together with the rms dispersion around the mean. The first column identifies the simulation set; zh is the half-mass formation redshift; doff
and fsub are the dynamical relaxation diagnostics introduced in Table 2; α is the best-fit Einasto shape parameter and Qmin the goodness of fit measure (Sec. 6);
Cχ and χ are the parameters of power-law fits to the pseudo-phase-space density profile (eq. 3); Nm and s describe the power-law fits to the subhalo mass
function, N(> µ) = Nm (µ/10−6)s (eq. 4); Nv and d those corresponding to fits of the form, N(> ν) = Nv (ν/0.025)d , to the subhalo velocity function (eq. 5).
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Figure 5. Spherically-averaged density (left panels) and logarithmic slope (right panels) of all level-2 Phoenix haloes as a function of radius. Radii have been
scaled to the virial radius of each halo in the top panels and to the “scale radius”, r−2, of the best-fit Einasto profile in the bottom panels. Profiles are plotted
down to the convergence radius, rconv. The thick dashed black line shows the average density profile of all Phoenix haloes, computed after stacking the nine
haloes, each scaled to its own virial mass and radius. The thick red dashed line shows the result of the same stacking procedure, but applied to the Aquarius
haloes.

regions where the two body-relaxation time exceeds the age of
the Universe. This constraint defines a “convergence radius”, rconv,
outside which the circular velocity, Vc = (GM(< r)/r)1/2, is ex-
pected to converge to better than 10%. Since Vc is a cumulative
measure we expect rconv to be a conservative indicator of the inner-
most radius where local estimates of the density, ρ(r), converge to
better than 10%.

This is indeed the case for Ph-A, as shown in Fig. 4. The left
panel shows ρ(r), multiplied by r2 in order to remove the domi-

nant radial trend so as to enhance the dynamic range of the plot.
Thick lines highlight the radial range of the profile outside the con-
vergence radius; the density clearly converges to better than 10% at
radii greater than rconv. In those regions the logarithmic slope γ is
also robustly and accurately determined. We conclude that r> rconv
is a simple and useful prescription that identifies the regions unaf-
fected by numerical limitations. We list rconv for all Phoenix runs
in Table 1.

The thin dashed lines in Fig.4 indicate the best-fit NFW
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Figure 3. As Fig. 1, but for all level-2 Phoenix clusters atz= 0. Boxes are all 5h! 1 Mpc on a side. Note that the appearance of several Phoenix clusters is
suggestive of a transient evolutionary stage, characterized by the presence of a number of undissolved substructure groupings. Ph-G-2 is a particularly good
example of this irregular structure which may be traced to its recent assembly time; this cluster has acquired half its mass sincez= 0.18.

Fig. 3 also highlights an important characteristic of cluster-
sized dark matter haloes: the presence of Òmultiple centresÓ traced
by groups of subhaloes, as well as the overall impression that many
systems are in a transient, unrelaxed stage of their evolution. This
is expected, given the late assembly of the clusters: Ph-G-2, for
example, assembled half its Þnal mass afterz = 0.18; the median
half-mass assembly redshift for all Phoenix clusters is just z= 0.56.
Ph-A, on the other hand, appears relaxed; this cluster has the high-
est formation redshift of our sample,zh " 1.2.

The late assembly and concomitant departures from equilib-
rium are characteristics that set clusters apart from galaxy-sized
haloes; for comparison, the median half-mass formation redshift of
Aquarius haloes isz " 2. Table 2 lists two quantitative measures
of departures from equilibrium: the fraction of mass in substruc-
tures, fsub, and the offset,doff , between the centre of mass of the

halo and the location of the potential minimum expressed in units
of the virial radius (for further discussion of these parameters see
Neto et al. 2007). These correlate well with the formation redshift,
zh, and are signiÞcantly larger, on average, than in the galaxy-sized
Aquarius haloes (see Table 3).

3.1 Mass ProÞles

We explore in this section the spherically-averaged mass proÞles of
Phoenix haloes. We begin by using the four Ph-A realizationsto as-
sess the limitations introduced by Þnite numerical resolution. Fig. 4
shows the density proÞle,! (r), as well as the radial dependence of
the logarithmic slope," = ! dln ! / d lnr, for Ph-A-1 through Ph-A-
4. As discussed by Power et al. (2003) and Navarro et al. (2010),
the mass proÞles of simulated haloes are robustly determined in
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example of this irregular structure which may be traced to its recent assembly time; this cluster has acquired half its mass since z= 0.18.

Fig. 3 also highlights an important characteristic of cluster-
sized dark matter haloes: the presence of “multiple centres” traced
by groups of subhaloes, as well as the overall impression that many
systems are in a transient, unrelaxed stage of their evolution. This
is expected, given the late assembly of the clusters: Ph-G-2, for
example, assembled half its final mass after z = 0.18; the median
half-mass assembly redshift for all Phoenix clusters is just z= 0.56.
Ph-A, on the other hand, appears relaxed; this cluster has the high-
est formation redshift of our sample, zh ∼ 1.2.

The late assembly and concomitant departures from equilib-
rium are characteristics that set clusters apart from galaxy-sized
haloes; for comparison, the median half-mass formation redshift of
Aquarius haloes is z ∼ 2. Table 2 lists two quantitative measures
of departures from equilibrium: the fraction of mass in substruc-
tures, fsub, and the offset, doff, between the centre of mass of the

halo and the location of the potential minimum expressed in units
of the virial radius (for further discussion of these parameters see
Neto et al. 2007). These correlate well with the formation redshift,
zh, and are significantly larger, on average, than in the galaxy-sized
Aquarius haloes (see Table 3).

3.1 Mass Profiles

We explore in this section the spherically-averaged mass profiles of
Phoenix haloes. We begin by using the four Ph-A realizations to as-
sess the limitations introduced by finite numerical resolution. Fig. 4
shows the density profile, ρ(r), as well as the radial dependence of
the logarithmic slope, γ=−d lnρ/d lnr, for Ph-A-1 through Ph-A-
4. As discussed by Power et al. (2003) and Navarro et al. (2010),
the mass profiles of simulated haloes are robustly determined in
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• Subhalo mass function dnsh/dM is a power law with slope 
between -1.9 and -2.0	


!

• Less subhalos in galaxies than in galaxy clusters (more recent 
structures are richer in subhalos)	



!
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Figure 9. Projected density profiles of Ph-A-2 (top) and Ph-I-2 (bottom). We show 20 different random projections for each cluster. The asphericity of the
clusters leads to large variations (up to a factor of 3) in the projected density at a given radius depending on the line of sight. On the other hand, the shape
of the profile (as measured by the logarithmic slope, γp = −d lnΣ/d lnR, is much less sensitive to projection effects. Data with error bars correspond to the
stacked profile of 4 massive clusters estimated using strong and weak lensing data (Umetsu et al. 2011).

       
100

101

102

103

104

105

106

N

Ph-A-4
Ph-A-3
Ph-A-2

Ph-A-1

N ∝ Msub
-1  

107 108 109 1010 1011 1012 1013

Msub [h-1MO •]

1012

1013

N
 M

su
b

  
100

101

102

103

104

105

106

N

N  ∝ Vmax
-3.4

10 100
Vmax [km s-1]

106

107

108

N
 V

m
ax

3 
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max. (See text for further discussion.)

structure makes up roughly 17% of its virial mass, but in the earliest
collapsing system of the Phoenix series, Ph-A, it makes only8%.

Interestingly, as a function of" = Vmax/ V200, the compari-
son between the Aquarius and Phoenix subhalo functions reverses
(right-hand panel of Fig. 13). At a given velocity (scaled tothe
virial value), subhaloes are more abundant in Aquarius thanin
Phoenix. This is a consequence of tidal stripping, which affects
Aquarius subhaloes more: since tides act to remove preferentially
the outer regions of a subhalo, they affect more its mass thanits
peak circular velocity.

For example, as discussed by Pe÷narrubia et al. (2008), after
losing half of its mass to tides, the peak velocity of a subhalo de-
creases only by" 25%. Even after losing 90% of its mass,Vmax is
only reduced by about one half. Since Aquarius haloes form earlier,
their subhaloes have been accreted earlier and, on average,have
been more stripped than Phoenix subhalos, leading to higherrela-
tive velocities for their bound mass than for Phoenix subhalos. This
shifts their abundance when measured in terms of peak velocity. In
the range 0.025< " < 0.1 Þts to the subhalo function of the form

N(> " ) = Nv(" / 0.025)d (5)

yield #Nv$= 4033 and#d$= ! 3.13 for Aquarius and 3984 and
! 3.32, respectively, for Phoenix (see Table 3). Given the scatter,
the difference seems too small to be signiÞcant. We concludethat
the scaled subhalo velocity function,N(> " ), is roughly indepen-
dent of mass (see Wang et al. 2012, for a more thorough discussion
of this point).

The effects of tidal stripping on Phoenix subhaloes is shown
in Fig. 14. Here we plotVmax vs rmax for subhaloes identiÞed in
Ph-A-1 (solid black curve). This relation is clearly offsetfrom the
mean relation that holds for isolated haloes in the Millennium Sim-
ulation, as given by Neto et al. (2007) (cyan line). As expected for
haloes that have undergone tidal stripping,rmax shifts inwards as
the subhalo loses mass whilst leaving the peak velocity relatively
unchanged (Pe÷narrubia et al. 2008). Support for this interpretation
may be found by inspecting the same relation for ÒisolatedÓ haloes
in Phoenix (i.e., those outside the main halo and that are notem-
bedded in a more massive structure; thermax-Vmax relation for these

systems (see dashed lines) is consistent with that of Millennium
haloes.

Fig. 14 also includes results for isolated haloes and subhaloes
in Aquarius (red lines). The results from the two sets of simula-
tions form a single sequence and this allows us to characterize the
structural parameters of subhaloes over a range spanning more than
two decades in velocity (and thus over six decades in mass). On
average, subhaloes follow the samermax-Vmax scaling relations as
isolated haloes, but shifted by about a factor of two in radius (or,
alternatively, by" 30% in velocity).

We conclude from this discussion that although substructure
does not seem fully invariant with halo mass, the changes arerel-
atively small when comparing the haloes of clusters and galaxies,
and depend on whether subhalo masses or velocities are used to
characterize substructure. The subhalo mass function of clusters,
scaled to halo virial mass, is similar in shape to that of galaxy-sized
haloes (which are roughly one thousand times less massive),but
with a slightly higher normalization (" 35%). The normalization
difference disappears when the scaled subhalo velocity function,
N(> " ), is used. The total mass in substructure increases with the
dynamical youth of the system and is more prevalent in clusters
than on galaxy scales, but only weakly so: the average mass frac-
tion in substructures is 11% for Phoenix and 7% for Aquarius.

4.2 Spatial Distribution

The distribution of subhaloes within the main halo has been the
subject of many studies (e.g. Ghigna et al. 2000; Diemand et al.
2004b; De Lucia et al. 2004; Gao et al. 2004b,a; Springel et al.
2008a; Ludlow et al. 2009) over the past decade. This work has
demonstrated that substructure does not follow the same spatial
distribution as the dark matter: subhaloes tend to populateprefer-
entially the outskirts of the main halo and their spatial distribution
is much more extended than the mass. It also hinted that the num-
ber density proÞle of subhaloes is roughly independent of subhalo
mass, at least in the subhalo mass range where simulations resolve
them well and where they exist in sufÞcient numbers for theirspa-
tial distribution to be determined. This result has been conÞrmed
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• Independent on subhalo mass	


!

• Well fitted by an Einasto profile (larger α∼1)	


!

• Subhalos become important at large radii	


!

• galaxy-cluster halos = 11%, galaxy-like halos = 7%	
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Figure 15. Subhalo number density proÞles. The panel on the left shows the spatial distribution of subhaloes with more than 100 particles in each of the 9
Phoenix level-2 clusters. Each proÞle is normalized to the mean number density of subhaloes within the virial radius. The thick dashed black curve traces
the result of stacking all 9 level-2 Phoenix haloes. The proÞle obtained after stacking all level-2 Aquarius haloes is shown by the red dashed curve. Note that
subhaloes are slightly more concentrated in the case of Phoenix than of Aquarius. The panel on the right shows the densityproÞle of subhaloes in different
bins of subhalo mass, computed after stacking all 9 level-2 Phoenix clusters. Note that the spatial distribution of subhaloes is approximately independent of
subhalo mass.

recently by the Aquarius simulation suite for haloes similar to the
Milky Way (Springel et al. 2008a).

A number of observational diagnostics depend on the spatial
distribution of substructure, and it is therefore important to ver-
ify that this result holds also on galaxy cluster scales. Forexam-
ple, recent analyses indicate that total ßux of dark matter annihila-
tion radiation is expected to be dominated by low-mass subhaloes
(Kuhlen et al. 2008; Springel et al. 2008b; Gao et al. 2011b).It is
therefore crucial to constrain their spatial distributionin order to
understand the expected angular distribution of the annihilation
ßux and to design optimal Þlters to aid its discovery (see, e.g.,
Pinzke et al. 2011; Gao et al. 2011b).

We show the number density proÞle of subhaloes in Fig. 15.
The left panel shows the proÞles for each of the 9 level-2 Phoenix
haloes (thin lines), as well as the proÞle corresponding to stacking
all 9 haloes after scaling them to the virial mass and radius of each
cluster (thick dashed black curve). All subhaloes with morethan
100 particles have been used for this plot. This Þgure clearly con-
Þrms the results of earlier work: the subhalo distribution is more
extended than that of the dark matter; In addition there is a well
deÞned ÒcoreÓ in the central density of the subhalo distribution;
Subhaloes primarily populate the outskirts of the main halo.

There is also considerable halo-to-halo scatter, especially near
the centre, where the number density of subhaloes may vary byup
to a factor of three. Comparing the average number density proÞle
of Phoenix with that of Aquarius (thick red dashed curve) reveals
that cluster subhaloes are slightly more abundant near the centre,
by up to 50% atr = 0.1r200. In the outskirts of the main halo
both Aquarius and Phoenix give similar results. As discussed by
Ludlow et al. (2009), the number density proÞle can be Þtted accu-
rately by an Einasto proÞle (eq. 7), just like the dark matter, but with
quite different shape parameters:! ! 1 for subhaloes but! 0.2 for
the main halo. An Einasto Þt to the Phoenix subhalo proÞle yields
r" 2 = 0.58r200 and ! = 1.0. For Aquarius, the same procedure
yields r" 2 = 0.64r200 and! = 1.0, and a central density normal-
ization lower by a factor of 1.3, when expressed in units of#n$, the
mean number density of subhaloes withinr200.

SimpliÞed schemes for populating dark matter simulations
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Figure 16. Stacked subhalo number density proÞles as a function ofr/ r200

for the nine Phoenix haloes and for different deÞnitions of the lower subhalo
ÒmassÓ limit. The solid line shows the radial proÞle for all subhaloes whose
progenitors had a maximum circularVmax exceeding 45km s" 1 when they
Þrst fell into the cluster; the dot-dashed line shows a similar proÞle but
for subhaloes withVmax greater than 30km s" 1 at the present day; Þnally,
the dashed line show the proÞle for all subhaloes containingmore than 200
bound particles. For comparison, a dotted line shows the stacked dark matter
mass proÞle of the clusters. The proÞles are normalised to integrate to the
same value withinr200. Note that none of the subhalo proÞles matches the
shape of the dark matter proÞle within 0.25r200.

with galaxies make a variety of assumptions about how to assign
galaxies to subhaloes. A number of authors have argued that al-
though present subhalo mass and maximum circular velocity are
strongly affected by tidal stripping and so are poor indicators of
galaxy properties, the mass or circular velocity at infall are plausi-
bly much better and give meaningful results when used in subhalo
abundance matching analyses (Vale & Ostriker 2004; Conroy et al.
2006; Behroozi et al. 2010; Guo et al. 2010). We study this issue in
Fig. 16, which shows stacked number density proÞles for subhalo
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Figure 17. Left panel: Cumulative fractional contribution of subhaloes (resolved with more than 100 particles) to the enclosed mass, shown as a function
of radius for all level-2 Phoenix clusters (thin lines). A thick dashed black curve shows the average trend, computed after stacking all 9 Phoenix haloes.
The corresponding result for Aquarius is shown by the thick dashed red curve. Right panel: Fraction of total mass contributed by substructure in different
radial bins. As in the left panel, only subhaloes with more than 100 particles are considered; black and red thick dashed lines correspond to the average trend
computed after stacking all level-2 Phoenix and Aquarius haloes, respectively.
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• How much DM-induced annihilation flux is 
enhanced by the presence of subhalos?	



!
• Extrapolation to minimal mass of DM halos 
Mmin (uncertain)	



!
• Dependent on c(M): c=rvir/rs	



Sanchez-Conde et al. (2011)Sanchez-Conde & Prada (2013)

Cluster Log10 JT ψ90 r90/rs J01/JT r01/rs ψrs Jrs/JT Rank01 Rank90
(GeV2cm−5) (deg) (deg)

Perseus 16.25 0.31 1.08 0.323 0.35 0.29 0.88 3 3
Coma 16.18 0.34 0.99 0.312 0.29 0.34 0.90 5 5
Ophiuchus 16.22 0.35 0.98 0.318 0.28 0.36 0.91 4 4
Virgo 17.37 1.45 0.90 0.113 0.06 1.61 0.92 1 1
Fornax 16.58 0.55 0.94 0.214 0.17 0.58 0.91 2 2
NGC5813 15.82 0.29 1.22 0.313 0.42 0.24 0.83 7 7
NGC5846 15.97 0.32 1.12 0.297 0.35 0.29 0.87 6 6

Table 7. Value of the parameters that describe the characteristics of the DM-induced gamma emission
in our sample of galaxy clusters. See section 2.1.1 for details on their definition and usefulness. This
table was computed assuming a PSF= 0.1◦.
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Figure 4. Gamma-ray DM annihilation flux profiles, normalized to fSUSY , for Virgo, Fornax,
Perseus, Ophiuchus, Coma, NGC5846 and NGC5813 (from top to bottom at Ψ0 = 0◦). The pro-
files were computed using those parameters listed in table 6 for the DM density profiles and assuming
a PSF = 0.1◦.

sample (see Rank01 and Rank90). Probably, the main conclusion that can be extracted from
this table is that we should expect the induced gamma-ray DM emission in these objects to
be quite extended for IACTs, as ψ90 (or alternatively ψrs , which contains in most cases ∼90%
of the flux) is typically larger than 0.3◦, i.e., three times the usual PSF of these instruments.
Indeed, the inner 0.1◦ rarely encloses more than ∼30% of the total DM annihilation flux (see
J01/JT ). We note that rather similar results were achieved for dwarfs as well (see table 4).

4.3 The effect of substructure

In the ΛCDM paradigm, the smallest dense halos form first and later merge to originate
larger structures. This hierarchical scenario has as a direct consequence the presence of a
large amount of substructure in CDM halos. As the DM annihilation signal is proportional
to the DM density squared, this clumpy distribution of sub-halos inside larger halos may
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Figure 5 . Gamma-ray DM annihilation ßux proÞles, normalized to f SUSY , for Perseus, Coma, Ophi-
uchus, Virgo, Fornax, NGC5813, and NGC5846. The proÞles were computed using those parameters
listed in table 6 for the DM density proÞles and assuming a PSF=0.1! . Substructure is included
here following the 3K10 model [26] using those parameters given in the text. From top to down
at ! 0 = 1 .2! , the proÞles correspond to Virgo, Fornax, Ophiuchus, Coma, Perseus, NGC5846, and
NGC5813.

On the other hand, our intention is to apply the 3K10 formalism to dwarf galaxies and
galaxy clusters and not only to MW-sized objects, so it is necessary to rescalef s(r) in order to
correctly accommodate it to halos of di" erent sizes. We do so by replacing the ! (r = 100 kpc)
parameter in eq.(4) of Ref. [26] by ! (r = 3 .56 ! r s kpc), i.e.:

1 " f s(r ) = 7 ! 10! 3
!

! (r )
! (r = 3 .56 ! r s kpc)

" ! 0.26

, (4.3)

as 3.56 is the ratio between the VL-II scale radius (r s = 28.1 kpc) and r = 100 kpc (value
extracted ad hoc from VL-II to properly calibrate the 3K10 model). Note that i n doing so
we are assuming the same radial dependence off s for all halo masses, only rescaling it to the
particular size of the new object.

In Þgure 5 we show the result of applying the 3K10 model to our sample of galaxy
clusters using the values given above forf s, ! max , and " , as well as the new scaling relation
introduced in eq. (4.3). The substructure boost turns out to be extremely important in all
cases, its e" ect being relevant at all l.o.s. angles! 0. Note that the largest ßux enhancements,
however, are achieved at the largest! 0 (compare with Þgure4). Furthermore, Ophiuchus,
Perseus, and Coma are now at the same ßux level as Fornax. The quantitative analysis is
summarized in table 8. Rank01 and Rank90 are now signiÞcantly altered with respect to
table 7. The total boost within the virial radius gives us an idea of the global importance of
substructure for each object: typical values of this boost for the most massive halos in the
sample are of the order of 50.

Yet, there are important observational consequences that arise when comparing tables7
and 8: Jr s /J T rarely reaches values greater than 0.2 when including substructure, in contrast
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Figure 1. Left panel: Current knowledge of the median concentration-mass relati on at z = 0 for all halo masses available in the
literature from di ! erent simulation data sets, i.e. from th e smallest Earth-like DM microhalos predicted to exist in th e CDM universe
(! 10! 6h! 1M " ) up to the largest cluster-size halos ( ! 1015 h! 1M " ). At the high-mass end, the results from Bolshoi (blue circl es)
and MultiDark (purple circles) simulations are shown. The t wo empty black squares at around 10 9h! 1M " and the three Þlled black
squares at around 108h! 1M " were derived from Ishiyama et al. (2013) and Col«õn et al. (20 04), respectively. Another individual ÓDraco-
like 108h! 1M " halo is also plotted (Moore et al. 2001). Three additional in dividual dwarf halos with masses around 10 7 h! 1M " (red
triangles) were extracted from the VL-II data (Diemand et al . 2008). At the low-mass end, we show the microhalo results ta ken from
Diemand et al. (2005) (orange Þlled diamonds) and Anderhald en & Diemand (2013) (orange empty diamonds). We also provide the upper
limit to halo concentrations obtained by Diemand et al. (200 5) in the range 10 ! 6 Ð 10h! 1M " (pink dotted line). The P12 concentration
model (Prada et al. 2012) is also shown with a solid line. The s haded gray region represents a typical 1 ! concentration scatter of 0.14
dex centered on the P12 model. The dashed curve represents th e updated M08 version (Macciò, Dutton, & van den Bosch 2008) of the
B01 toy concentration model (Bullock et al. 2001). Right panel: Same data sets but displayed in the c Ð ! ! 1 plane, which allows for a
more detailed analysis and comparison between simulation d ata and model in terms of the amplitude of linear density ßuct uations. The
results have also been rescaled to z = 0 in this case. Solid (dashed) line refers to the ! (M ) range in which the P12 model was (not)
tested against simulations.

with error bars at ! 108h! 1M " (Þlled black squares). These
correspond to median concentration values (and their cor-
responding 1! errors) derived from the study performed by
Col«õn et al. (2004) for well resolved dwarf galaxies atz = 3.
We grouped the ! 50 objects originally presented in their
work in only 3 mass bins, and later extrapolated the con-
centration values down to z = 0 multiplying by the factor
(1 + z) that accounts for the expansion of the Universe, as
suggested by, e.g., Bullock et al. (2001). This (1 + z) rescal-
ing factor can be safely applied provided that the redshift
of collapse is ! 2, i.e. for halo masses below! 1012 h! 1M " :
at later times, the e ! ect of the cosmological constant may
make advisable the use of a more accurate scaling factor,
as discussed e.g. in M08. The concentration of an individual
dwarf-size halo with a mass of ! 108h! 1M " has also been
included in the left panel of Fig. 1 (green pentagon) that
comes from a pioneering dwarf galaxy simulation work done
by Moore et al. (2001). In this case, the original concen-
tration value in Moore et al. (2001) has been extrapolated
from z = 4 down to the present epoch by means of the
(1 + z) factor. We also rescued a few ! 107h! 1M " halos
(red triangles) from the Via Lactea II (VL-II) simulation
(Diemand et al. 2008). In this case, we performed a search
of those distinct halos that i) are located between 1 " 1.5
times the virial radius of the main halo, ii) were not subhalo s

at earlier times either, attending to their velocity histor ies2 ,
iii) do not belong to the other parent halo that is present
in the VL-II simulation box, and iv) still possess the cor-
rect critical overdensity. Only 3 halos were picked out of a
total of 1,421 located between 1" 1.5 Rvir . We also display
in the left panel of Fig. 1 the results reported for Earth-
mass microhalos (! 10! 6h! 1M " ) at z = 26 and z = 31 by
Diemand et al. (2005) and Anderhalden & Diemand (2013),
Þlled and empty diamonds respectively, as well as the upper
limit to halo concentrations mentioned by Diemand et al.
(2005) in the range ! 10! 6" 10 h! 1M " (pink dotted line).
Again, concentrations were scaled to the present time by
applying the (1 + z) correction factor.

Most of the existing c(M) median relations proposed
in the literature were derived from well resolved simula-
tions in the halo mass range from 1010 Ð 1015 h! 1M " , e.g.,
B01, Hennawi et al. (2007); Neto et al. (2007); Du ! y et al.
(2008), M08, Mu÷noz-Cuartas et al. (2011), P12. Usually,
these relations have been approximated by power-laws, as
they are good Þts over the relatively small mass range con-
sidered in those works. Yet, we recall that c(M) power-
law models are not expected over the full halo mass range

2 More precisely, we apply the restriction that the maximum ci r-
cular velocity reached by the halo over its entire existence is the
one at z = 0.

c" 2002 RAS, MNRAS 000 , 1Ð??
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!
• Einasto (NFW) profile gives good fit to the smooth 

halo	


!

• subhalos with ~M-2 mass function, dominate at 
large radii	
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The Diversity and Similarity of Simulated Cold Dark Matter Halos 5

Figure 3. Left: Spherically-averaged density proÞles of all level-2 Aquar ius halos. Density estimates have been multiplied by r 2 in order
to emphasize details in the comparison. Radii have been scal ed to r ! 2, the radius where the logarithmic slope has the Òisothermal Ó value,

! 2. Thick lines show the proÞles from r (7)
conv outward; thin lines extend inward to r (1)

conv . For comparison, we also show the NFW and M99
proÞles, which are Þxed in these scaled units. This scaling m akes clear that the inner proÞles curve inward more graduall y than NFW,
and are substantially shallower than predicted by M99. The b ottom panels show residuals from the best fits (i.e., with the radial scaling
free) to the proÞles using various Þtting formulae (Sec. 3.2 ). Note that the Einasto formula Þts all proÞles well, especi ally in the inner
regions. The shape parameter, ! , varies signiÞcantly from halo to halo, indicating that the proÞles are not strictly self-similar: no simple
physical rescaling can match one halo onto another. The NFW f ormula is also able to reproduce the inner proÞles quite well , although
the slight mismatch in proÞle shapes leads to deviations tha t increase inward and are maximal at the innermost resolved p oint. The
steeply-cusped Moore proÞle gives the poorest Þts. Right: Same as left, but for the circular velocity proÞles, scaled t o match the peak of
each proÞle. This cumulative measure removes the bumps and w iggles induced by substructures and conÞrms the lack of self -similarity
apparent in the left panel.

shells are centered at the location of the particle identiÞed by
the SUBFIND algorithm (Springel et al., 2001) as having the
minimum gravitational potential. Extensive tests show tha t
this procedure identiÞes the region where the local density of
the main subsystem of each halo peaks, and is coincident in
most cases (except perhaps major ongoing mergers between
comparable-mass halos) with the results of other methods,
such as the Òshrinking sphereÓ method discussed by P03.

The mass density in each radial bin is estimated as the
dark mass in the bin divided by its volume, and assigned to
a radius corresponding to the bin center. Circular velociti es
are computed by adding up the mass of each bin plus all
interior ones, and assigned to the radius corresponding to the
outer edge of the bin. The construction of velocity dispersi on
and anisotropy proÞles is described in detail in Sec. 4.1.
When di ! erentiation is necessary, such as when computing
the logarithmic slopes shown in Figs. 5 and 6, we use a simple
3-point Lagrangian interpolation to perform the numerical
di! erentiation (as implemented by the DERIV subroutine of
the IDL software package).

3 MASS PROFILES

3.1 Numerical Convergence

We begin our study of the mass proÞle by using our series
of re-simulations of the Aq-A halo in order to assess the ra-
dial range where numerical convergence is achieved. Figure1
shows the mass proÞle of the Þve Aq-A resimulations; the left
panels show the spherically-averaged density proÞle (multi-
plied by r 2 in order to emphasize small departures); the right
panels the corresponding circular velocity proÞle. Lines of
di! erent colours correspond to di! erent resimulations, as la-
beled. Arrows indicate hs = 2 .8 ! G , the lengthscale where
softened pairwise interactions become fully Newtonian.

This Þgure demonstrates the striking numerical conver-
gence achieved in our re-simulations. Outside some char-
acteristic radius (which we discuss below), all the proÞles
are essentially indistinguishable from each other, even down
to details such as ÒbumpsÓ in the outer regions caused by
the presence of substructure. As discussed by Springel et al.
(2008b), this reßects the high quality of the numerical in-
tegration of GADGET-3 and the careful approach we have
taken to building our initial conditions; indeed, the Aq-A
resimulations not only reproduce faithfully the propertie s

6 Sánchez-Conde & Prada
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Figure 2. Left panel: Halo substructure boosts as a function of host halo mass obta ined with the P12 c(M) model, for di ! erent values
of minimum subhalo mass, M min , and slope of the subhalo mass function, ! . From bottom to top, the di ! erent lines correspond to
(M min , ! ) = (10 ! 6M " , 1.9), (10! 12 M " , 1.9), (10! 6 M " , 2), (10 ! 12 M " , 2). The solid line corresponds to our Þducial boost model, i .e.,
M min =10 ! 6M " and ! = 2. Right panel: Comparison between the substructure boosts given by our Þdu cial boost model (solid line),
and that computed by S«anchez-Conde et al. (2011) and Gao et a l. (2012) (dashed and dotted lines, respectively).

which shows concentrations for the entire halo mass range
available in the literature from state-of-the-art N -body cos-
mological simulations. A comparison between both, cosmo-
logical simulations and c(M) models have allowed us to ex-
tract meaningful conclusions. We showed that only realisti c
models that link halo concentration with the amplitude of
the linear density Þeld ßuctuations, ! (M ), such as the re-
cent model provided by Prada et al. (2012), are a good rep-
resentation of what is measured in simulations. Both simu-
lation results and these physically motivated c(M) models
show a clear ßattening of c(M) at lower masses that ex-
cludes the use of simplistic power-law extrapolations down
to the smallest scales: this behavior is neither expected in
the current ! CDM cosmological paradigm nor supported by
simulations. We also provided a simple parametrization for
the c(M) relation, based on the P12 model, that spans over
22 orders of magnitude in halo mass.

Since halo annihilation luminosity is a strong function
of the concentration, the ßattening of c(M) at the small-
est scales is expected to have a large impact on gamma-ray
DM search studies. As a particular example, we used the
c(M) model by Prada et al. (2012) to compute the so-called
substructure boosts factors, and found much more mod-
est boosts than those recently discussed in the literature,
e.g., Springel et al. (2008); Pinzke et al. (2011); Gao et al.
(2012). These works implicitly adopted simple power-law
concentration models down to the minimum halo mass,
which led to a wrong overestimation of halo concentrations
at the smallest scales and therefore of the boost. Further-
more, their results are extremely sensitive to the exact choice
of the minimum halo mass, contrary to what happens in the
case of using physically motivated c(M) models. We pro-
vided a parametrization of the substructure boost assuming
the Prada et al. (2012) for the subhalo concentrations. This
parametrization works remarkably well for objects in the
mass range between that of dwarfs and clusters. We recall

that the substructure boosts that we found are probably
lower limits to their real values: the c(M) model that we
adopted for subhalo concentrations is strictly valid only f or
main halos, and it is known that, in comparison, subhalos
exhibit higher concentrations. A more reÞned concentratio n
model for substructures is left for future work.

Our work has been particularly useful to highlight
where we stand on understanding the nature of halo concen-
trations and to also identifying new opportunities for fur-
ther theoretical and numerical investigation. For instanc e,
we identiÞed a clear absence of simulation data below !
108h! 1M " which should be ideally covered and studied by
new high resolution N -body simulations. The challenge is
twofold: we want to simulate not only the smallest mass
scales Ð which have very speciÞc and inherent di" culties Ð
but also to have a good halo statistics that allow us to ex-
tract robust and statistically meaningful results. If succ eed,
CDM halo concentrations model predictions will be tested
up to a higher degree of accuracy, enabling new avenues of
both studying the internal properties of CDM halos over
a huge range of halo masses, and of testing this particular
cosmological structure formation framework.
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• Tidally-stripped subhalos	


!

• Stellar kinematics provide good 
information	



!
• Negligible boost factor (sub-subhalos)	



!
!
! Sanchez-Conde & Prada (2011)
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Figure 6 . Left panel: Comparison of the DM annihilation ßux proÞles (normalized to fSUSY ) for the
subsample of those three dwarfs and three clusters with the highest ßuxes. Right panel: Same as left
panel but this time including substructure following the 3K10 model described in section4.3.

in all cases, ßuxes remaining substantially higher than those expected from dwarfs and de-
creasing quite slowly up to very large radii, contrary to what happens in dwarfs. Actually,
once we include the e! ect of substructure, some of these galaxy clusters emit much more
DM annihilation ßux in total than the best dwarf galaxies. For example Virgo, as can be
seen by comparing JT in tables 4 and 8, gives a ßux larger than Willman 1 by a factor ! 13.
However, the main contribution to the total ßux now comes from the outer regions, where the
ßux level is comparatively quite low with respect to that reached in the very center. Thus,
if our search strategy can deal with quite extended sources (meaning ! 1 " 1.5! , which, as
shown in table 8, is the typical value of ! 90, i.e., the typical size of the 90% emitting region),
then galaxy clusters probably are the best candidates or at least represent good competitors
to dwarfs.

5.2 J-values comparison with other works

Below we comment on the agreement/disagreement of our J-values with those found in some
works in the literature. We note that, when performing such a comparison, one has to be
very careful in dealing with the di! erent notations and deÞnitions (see e.g. Appendix A in
ref. [124] for a useful discussion on conversion units and related issues).

¥ Dwarfs:

Ð In the classical work of Ref.[14], authors found a J01 for Draco which is roughly a
factor 1.5 higher than the one given in our table4 for the Draco-cusp case.

Ð After correcting by di ! erent deÞnitions and angular apertures, we found ref. [122]
to predict a slightly lower J02 value (i.e. eq. (2.9) with ! = 0 .2! ) for Willman 1;
more precisely they found 8% less ßux than the one we Þnd. As for UMi-A, we
obtain a slightly higher J01 value.

Ð We obtain similar J01 values for UMi-A and UMi-B than those given in Ref. [71].
However, we end up with signiÞcantly lower values for Draco.The found di! erence
is completely attributable to the di ! erent halo parameters used in each case.

Ð Authors in ref. [78] Þnd a J01 value for Segue 1 which is a factor 1.6 larger than
the one given in our table3.

Ð 20 Ð

Willman I

Ursa Minor I
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• f(v) inside one shell/box around the position of the Sun 
(different positions are considered with a fixed R0)	



!
• deviations from Maxwell-Boltzmann: at peak and at large 

velocities	


!
!
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Phase-space structure in the local dark matter distribution 3

for all six halos with about200 million particles withinR200 . Fur-
ther details of the halos and their characteristics can be found in
Springel et al. (2008).

In the following analysis we will often compare the six level-2
resolution halos, Aq-A-2 to Aq-F-2. To facilitate this comparison,
we scale the halos in mass and radius by the constant requiredto
give each a maximum circular velocity ofVmax = 208.49 km/s,
the value for Aq-A-2. We will also sometimes refer to a coordi-
nate system that is aligned with the principal axes of the inner halo,
and which labels particles by an ellipsoidal radiusr ell deÞned as
the semi-major axis length of the ellipsoidal equidensity surface on
which the particle sits. We determine the orientation and shape of
these ellipsoids as follows. For each halo we begin by diagonal-
ising the moment of inertia tensor of the dark matter within the
spherical shell6 kpc < r < 12 kpc (after scaling to a com-
mon Vmax ). This gives us a Þrst estimate of the orientation and
shape of the best Þtting ellipsoid. We then reselect particles with
6 kpc < r ell < 12 kpc, recalculate the moment of inertia tensor
and repeat until convergence. The resulting ellipsoids have minor-
to-major axis ratios which vary from0.39 for Aq-B-2 to 0.59 for
Aq-D-2. The radius restriction reßects our desire to probe the dark
matter distribution near the Sun.

3 SPATIAL DISTRIBUTIONS

The density of DM particles at the Earth determines the ßux of
DM particles passing through laboratory detectors. It is important,
therefore, to determine not only the mean value of the DM density
8 kpc from the Galactic Centre, but also the ßuctuations around this
mean which may result from small-scale structure.

We estimate the local DM distribution at each point in our
simulations using an SPH smoothing kernel adapted to the 64
nearest neighbours. We then Þt a power law to the resulting dis-
tribution of ln ! againstln r ell over the ellipsoidal radius range
6 kpc < r ell < 12 kpc. This deÞnes a smooth model density
Þeld! model (r ell ). We then construct a density probability distribu-
tion function (DPDF) as the histogram of! / ! model for all particles
in 6 kpc < r ell < 12 kpc, where each is weighted by! ! 1 so that
the resulting distribution refers to random points within our ellip-
soidal shell rather than to random mass elements. We normalise the
resulting DPDFs to have unit integral. They then provide a prob-
ability distribution for the local dark matter density at a random
point in units of that predicted by the best Þtting smooth ellipsoidal
model.

In Fig. 1 we show the DPDFs measured in this way for all
resimulations of Aq-A (top panel) and for all level-2 halos after
scaling to a commonVmax (bottom panel). Two distinct compo-
nents are evident in both plots. One is smoothly and log-normally
distributed around! = ! model , the other is a power-law tail to high
densities which contains less than10! 4 of all points. The power-
law tail is not present in the lower resolution halos (Aq-A-3, Aq-
A-4, Aq-A-5) because they are unable to resolve subhalos in these
inner regions. However, Aq-A-2 and Aq-A-1 give quite similar re-
sults, suggesting that resolution level 2 is sufÞcient to get a reason-
able estimate of the overall level of the tail. A comparison of the six
level 2 simulations then demonstrates that this tail has similar shape
in different halos, but a normalisation which can vary by a factor
of several. In none of our halos does the fraction of the distribu-
tion in this tail rise above5! 10! 5 . Furthermore, the arguments of
Springel et al (2008) suggest that the total mass fraction inthe in-
ner halo (and thus also the total volume fraction) in subhalos below
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Figure 2. Top four panels: Velocity distributions in a2 kpc box at the Solar
Circle for halo Aq-A-1.v1 , v2 andv3 are the velocity components parallel
to the major, intermediate and minor axes of the velocity ellipsoid; v is the
modulus of the velocity vector. Red lines show the histograms measured
directly from the simulation, while black dashed lines showa multivari-
ate Gaussian model Þt to the individual component distributions. Residuals
from this model are shown in the upper part of each panel. The major axis
velocity distribution is clearly platykurtic, whereas theother two distribu-
tions are leptokurtic. All three are very smooth, showing noevidence for
spikes due to individual streams. In contrast, the distribution of the velocity
modulus, shown in the upper left panel, shows broad bumps anddips with
amplitudes of up to ten percent of the distribution maximum.Lower panel:
Velocity modulus distributions for all2 kpc boxes centred between7 and
9 kpc from the centre of Aq-A-1. At each velocity a thick red line gives the
median of all the measured distributions, while a dashed black line gives
the median of all the Þtted multivariate Gaussians. The darkand light blue
contours enclose68% and95% of all the measured distributions at each ve-
locity. The bumps seen in the distribution for a single box are clearly present
with similar amplitude in all boxes, and so also in the mediancurve. The
bin size is5 km/s in all plots.

Figure 2: Velocity distribution functions: the left panels are in the host halo’s restframe, the
right panels in the restframe of the Earth on June 2nd, the peak of the Earth’s velocity relative
to Galactic DM halo. The solid red line is the distribution for all particles in a 1 kpc wide shell
centered at 8.5 kpc, the light and dark green shaded regions denote the 68% scatter around the
median and the minimum and maximum values over the 100 sample spheres, and the dotted line
represents the best-fitting Maxwell-Boltzmann distribution.

are independent of location and persistent in time and hence reflect the detailed assembly
history of the host halo, rather than individual streams or subhalos. The extrema of the
sub-sample distributions, however, exhibit numerous distinctive narrow spikes at certain
velocities, and these are due to just such discrete structures. Note that although only
a small fraction of sample spheres exhibits such spikes, they are clearly present in some
spheres in all three simulations. The Galilean transform into the Earth’s rest frame washes
out most of the broad bumps, but the spikes remain visible, especially in the high veloc-
ity tails, where they can profoundly a↵ect the scattering rates for inelastic and light DM
models (see Section 4).
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• Better fits are obtained by the Tsallis 
parametrisation or the one by Mao et al. 	



!
• Interesting features if baryons are 

included (dark disk)	


!

Dark Ghosts - 1st GNN workshop on Indirect DM searches

Pillepich et al. (2013)

Tsallis

Cubes with a size of 2 kph

VDF of Dark Matter from Simulations 3

Figure 2. The VDF for one representative dark matter halo
in Rhapsody (histogram), along with the best Þts using Eq. (1)
with ( v0 /v esc, p) = (0 .13, 0.78) (black, ! 2 = 0 .59), SHM (blue,
9.67), the double power-law model (cyan, 9.47), the Tsallis model
(green, 1.99), and the analytic VDFs from EddingtonÕs formu la
with isotropic assumption (red dash, 8.48), OsipkovÐMerri tt (ma-
genta dash, 6.41), and constant " = 1 / 2 (yellow dash, 11.8). The
y-axis is in log scale in the main Þgure and linear in the inset.

as q ! 1 (Vergados et al. 2008). It was argued that
the Tsallis model provides better fit to simulations with
baryons (Ling et al. 2010), although this conclusion may
be a! ected by the relatively low resolution of the simu-
lations.
In contrast, our empirical model, Eq. (1), is not based

on a Gaussian distribution but rather on an exponential
distribution. It also has a power-law cut-o! in (binding)
energy. Fig. 2 shows the VDF in a simulated halo, along
with the best fit from Eq. (1) and the best fits from other
conventional models. All the best-fit parameters are ob-
tained from the maximum-likelihood estimation in the
range of (0, vesc). The fits using Eq. (1) are statistically
better than other models or the analytic VDFs, espe-
cially around the peak and the tail. We performed the
likelihood-ratio test and found that our model fits sig-
nificantly better for all Rhapsody halos than the SHM
or the double power-law model at all four radii shown in
Fig. 1.
In Fig. 2 we also compare three analytic VDFs. For

the isotropic model shown, the analytic VDF is given
by Eddington’s formula, which gives a one-to-one corre-
spondence between the density profile and the VDF. For
anisotropic systems, one must also model the anisotropy
parameter, defined as ! = 1 " (" 2

! + " 2
" )/ (2" 2

r ), where
" 2 is the variance in each velocity component. There
is currently no analytic VDF whose anisotropy profile
matches that measured in simulations, so we choose three
simple and representative anisotropic models: constant
anisotropy (with ! = 0 and 1/ 2) and the Osipkov–
Merritt model (Osipkov 1979; Merritt 1985). The phase-
space distributions of these models can be determined
numerically (Binney & Tremaine 2008). For all three
cases, we adopt the NFW profile as in Eq. (2), with the
best-fit scale radius. For the Osipkov–Merritt model, we
use the best-fit anisotropy radius. It is shown in Fig. 2
and also suggested by the chi-square test for the models
considered that the analytic VDFs do not describe the
simulated VDF well.
Our VDF model, Eq. (1), consists of two terms: the

exponential term and the cut-o! term. The origin of the

the exponential term can be explained by the anisotropy
in velocity space. Fig. 3 shows the distributions, the dis-
persion, and the kurtosis of the velocity vectors along
the three axes of the spherical coordinate. Kurtosis is a
measure of the peakedness of a distribution, defined as
(
!

i v4
i )/ (

!
i v2

i )
2 " 3, where vi is the velocity of the i -th

particle along one axis, and this value is zero for the nor-
mal distribution. The ratios of dispersion between the
three axes are close to one at small radii, and the ratios
increase with radius. The kurtosis, on the other hand,
is in general non-zero and decreases with radius. An
important consequence of the non-zero kurtosis is that
even if the dispersion along the three axes are similar
(anisotropy parameter ! # 0), the velocity vectors do
not follow an isotropic multivariate normal distribution
in any coordinate system (even after a local coordinate
transformations). In other words, as long as there exists
either anisotropy or non-zero kurtosis in a certain coordi-
nate, the norms of the velocity vectors will not follow the
Maxwell–Boltzmann distribution. Indeed, Fig. 3 shows
that in the simulations, one always has non-zero kurto-
sis and/or anisotropy. Other simulations also indicate
that the velocity vectors of dark matter particles have
anisotropy (Abel et al. 2011; Sparre & Hansen 2012) and
non-zero kurtosis (Vogelsberger et al. 2009). We further
found that if the ratios of dispersion between the three
axes of a multivariate normal distribution are around 0.2
to 0.6, the norms of those random vectors will follow a
distribution which resembles our model without the cut-
o! term, v2 exp(" v/v 0). (For a formal discussion on this
topic, see e.g. Bjornson et al. 2009.) This suggests that if
one can find a coordinate system where the distributions
of the velocity components are all distributed normally
(with zero kurtosis), there will be a larger di! erence be-
tween the dispersion along the three axes in this new
coordinate system than in the spherical coordinate.
The (v2

esc " v2)p term in our VDF model introduces a
cut-o! at the escape velocity. It further suppresses the
VDF tail more than the exponential term alone does. De-
spite that this cut-o! term has the form of a power-law
in (binding) energy, the best-fit values of the parameter
p does not necessarily reflect the “asymptotic” power-
law index k, defined as k = limE! 0(d ln f /d lnE), where
f (E) is the (binding) energy distribution function. The
relation between k and the outer density slope has been
studied in the literature (Evans & An 2006; Lisanti et al.
2011). However, because d ln f /d lnE deviates from its
asymptotic value k rapidly as E deviates from zero,
the asymptotic power-law index k could be very di! er-
ent from the best-fit power-law index for the VDF tail
(e.g. v > 0.9vesc). Furthermore, the shape of the VDF
power-law tail could be set by recently-accreted subha-
los that have not been fully phase-mixed (Kuhlen et al.
2012), and hence has no simple relation with the density
profile. In high-resolution simulated dark matter halos,
particles stripped o! of a still-surviving subhalo are seen
to significantly impact the tail of the VDF. A larger sam-
ple of simulations at higher resolution than we consider
in the current analysis will be needed to further test this
hypothesis.

4. HALO-TO-HALO SCATTER IN VELOCITY
DISTRIBUTIONS

Mao et al. (2013)

Mao et al.

Pillepich et al. 5

Fig. 2.— DM velocity distributions in the Galactic rest frame for particles in an annulus near the Sun’s location (R� = 8 kpc): radial
(top left), azimuthal (top right), vertical (bottom left) components, and the velocity modulus (bottom right). For Eris (black) we show
distributions for particles in the disk (|R � R�| < 2 kpc, |z| < 2 kpc), while for ErisDark (grey) all particles within a spherical shell of
width 4 kpc are used. In the upper right we additionally show the distribution of Eris star particles (cyan, scaled by a factor of 0.4). In
the lower right, we also show Maxwellian curves (dotted) with the same peak speed as the simulations’ distribution (v

peak

= 195 km s�1

in Eris and 155 km s�1 in ErisDark), as well as the Standard Halo Model with v
peak

= 220 km s�1 (dashed). The simulation curves have
been smoothed with a boxcar window of width 50 km s�1.

by a factor of 0.4 in order to show its shape on the same
plot.
We compare the Eris disk ROI velocity distributions to

the ErisDark spherical shell sample of width 4 kpc, which
contains 229,931 DM particles. This kind of spherical
shell sample is commonly used in the analysis of DM-
only simulations of Milky-Way-like halos, for which there
is no preferred plane to associate with the Galactic disk.
We additionally plot a Maxwell-Boltzmann (MB) distri-
bution with the same peak speeds as the simulations’
distributions: �1D = vpeak/

p
2 = 137.9 (109.6) km s�1 in

Eris (ErisDark).
Compared to ErisDark, the dissipational baryonic

physics in Eris has broadened the radial and azimuthal
distributions, while the vertical component has become
slightly narrower. Note that the azimuthal component
in Eris is skewed towards positive v

✓

, indicating the
presence of an enhanced population of particles approx-
imately co-rotating with the stars, i.e. a so-called “dark

disk”. This asymmetry is the topic of Section 3.
In the speed distribution (lower right), the DM-

only simulation exhibits the familiar departures from a
Maxwellian shape (Hansen et al. 2006; Vogelsberger et al.
2009; Kuhlen et al. 2010), with a deficit near the peak
and excess particles at high speeds. In Eris the distri-
bution is shifted to larger speeds, with the mean speed
increasing from hvi = 187.6 km s�1 to 220.8 km s�1. Fur-
thermore, it no longer shows as marked a departure from
the matched Maxwellian as in the DM-only case, only ex-
ceeding it slightly from 230 to 380 km s�1and falling more
rapidly at even higher speeds. We also compared to the
so-called Standard Halo Model (SHM) distribution, con-
sisting of a Maxwellian with vpeak = 220 km s�1 (dashed
line). Eris actually exceeds the SHM at all speeds less
than ⇠ 350 km s�1, and then again falls more sharply at
higher speeds.
Recently Mao et al. (2013b) proposed an empirical fit-

ErisDark	


Eris
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• Using future direct detection data to determine f(v)	


!

• Parametrise f(v) in terms of a (small) number of parameters and 
apply Bayesian inference	
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conclusions presented here are robust to changes in the
benchmark mass. [26]

We use a Þducial cross-section of! p = 2 ! 10! 45 cm2,
which is at the current bound from XENON100 [4]. How-
ever, this bound was calculated assuming a Standard
Halo Model and, in any case, the value of! p is de-
generate with the local DM density " 0, which is typi-
cally presented with substantial uncertainties (e.g. Ref.
[27Ð30]). We therefore choose to Þx the cross-section at
the above Þducial value and Þx the local DM density
at " 0 = 0 .3 GeV cm! 3. We consider only a single bench-
mark cross-section, as varying this parameter only a! ects
the total number of events observed and should therefore
only a! ect the precision of reconstructions rather than
their accuracy.

For each set of benchmark parameters we generate
a single realisation of data. The impact of Poissonian
statistics on reconstructions has previously been studied
in detail in Ref. [31]. Using these benchmark values, the
total number of events observed across all three experi-
ments ranges from 176 in the SHM+DD case to 386 for
the stream.

We assume no prior knowledge of the speed distribu-
tion and attempt to construct a parametrization which
will allow us to Þt the mock data sets in a model indepen-
dent way. The one (rather weak) assumption we make
about the speed distribution is that f (v > v max ) = 0
for vmax = 1000 km s! 1. The choice of the valuevmax is
somewhat arbitrary, but this particular value is conserva-
tive as the Galactic escape speed is signiÞcantly smaller
than this [8].

We note that, by deÞnition, the speed distribution
is everywhere positive f (v) " 0, motivating us to
parametrize the logarithm of f (v) as a polynomial of de-
greeN in v. We therefore write

f (v) # exp

!

$
N"

k=0

ak ÷Pk

#
v

vmax

$ %

, (4)

meaning that the full directionally-averaged speed distri-
bution is

f 1(v) = v2 exp

!

$
N"

k=0

ak ÷Pk

#
v

vmax

$ %

, (5)

subject to the normalisation condition
& vmax

0
f 1(v) dv = 1 . (6)

We have chosen a basis of shifted Legendre polynomials
÷Pk of degreek = { 0, 1, ..., N } for the parametrization. In

theory, any basis may be used, but in practice choosing
polynomials which are orthogonal over some Þnite range
of v improves the behaviour of the coe" cients ak . By
varying N , the number of terms in the polynomial, we
can accommodate features in the distribution function,

m
!
 / GeV

"
p / 

(1
0!

45
 c

m
2 )
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FIG. 2. 68% and 95% conÞdence contours for the WIMP
mass m! and cross-section ! p obtained using the speed
parametrization described in the text. Results are shown
for three di ! erent underlying speed distributions: SHM (so lid
blue), SHM+DD (dot-dashed green) and stream (dashed red).
The true parameter values are shown as a black cross.

such as multiple components. By widening the priors on
the values ak , we can accommodate sharper individual
structures.

We explore the posterior distribution for the param-
eter space { m! , ! p, { ak }} using the publicly available
MultiNest package [32, 33] as a generic nested sam-
pler. We use an unbinned likelihood function (as intro-
duced in Ref. [34]) and use the following sampling pa-
rameters: Nlive = 10,000, eff = 0.3 , tol = 1.0e-4 .
We use log-ßat priors onm! % [1, 1000] GeV and! p %
[1, 1000]! 10! 46 cm2, linearly-ßat priors on |ai | < 50
and go up to degree N = 4 in the basis polynomials. For
the stream benchmark, we allow|ai | < 500 and for the
SHM+DD distribution, we extend the basis up to N = 9.
We can straightforwardly check the robustness of a given
reconstruction by increasingN and widening the priors
on ak .

In Fig. 2, we show the 68% and 95% conÞdence con-
tours for the reconstruction of the mass and cross-section,
obtained from the 2-dimensional proÞle likelihood. In
the case of the SHM and stream, the WIMP mass and
cross-section are both well recovered, lying within the
68% contour. In the case of the SHM+DD distribution
function, however, there is a signiÞcant bias towards a
smaller cross-section, with a discrepancy of around 30%
between the underlying and reconstructed cross-section.

Table II shows the best Þt WIMP masses and error es-
timates derived from these proÞle likelihoods. In contrast
to the bias observed in the reconstruction of the cross-
section, the WIMP mass is accurately reconstructed in

4

Speed distribution Reconstructed mass (GeV)

Standard Halo Model (SHM) 50.0+12.6
−9.2

SHM + Dark disk 44.2+8.1
−3.7

Stream 44.7+6.9
−3.6

Stream (using 5 speed bins) 29.3+0.4
−1.0

Stream (using 5 momentum bins) 38.2+1.6
−2.3

TABLE II. Reconstructed mass calculated from the profile
likelihood, using the parametrization presented in this letter.
Also shown is the mass reconstructed from the stream distri-
bution using the speed binning [15] and momentum binning
[18] methods for comparison.

all three cases, with the true mass lying within the 1-σ er-
rors. For comparison, Table II also shows the value of the
mass reconstructed using the speed binning method of
Peter [15] and the momentum binning method of Ref. [18]
for the stream benchmark. Both of these methods show
a bias towards lower masses and significantly underes-
timated errors. The new parametrization method pre-
sented here is seen to perform significantly better in re-
covering the WIMP mass.

In Fig. 3, we show the reconstructed speed distribu-
tions for the three benchmarks. The 68% credible regions
(shaded pink) are obtained by marginalising over the val-
ues of f(v) - derived from the posterior distribution of the
{ak} - at each value of v. The errors in f(v) across dif-
ferent speeds are therefore strongly correlated. However,
such reconstructions should be representative of the un-
derlying form of the distribution (solid line). Also shown
is the best fit form of f(v) in each case (dashed line).

For all three benchmarks, the speed distribution is
largely well recovered. The SHM benchmark recovers
a broad distribution, while the 50% dark disk produces
a distinctive double peak structure. The stream bench-
mark results in a sharp localised peak within ∼ 20 km s−1

of the true peak. However, the reconstruction is typically
poorer for low and high speeds. This is particularly no-
ticeable in the SHM+DD benchmark for v < 100 km s−1.
This is due to the fact that for a WIMP of mass 50 GeV
and the energy thresholds given in Table I, the small-
est speed to which the detectors are sensitive is v ∼
92 km s−1. Below this speed, the distribution function
is poorly constrained. Similarly, at high v, the upper en-
ergy limit Emax, combined with form factor suppression
of the event rate, leads to low sensitivity.

The three hypothetical experiments probe distinct but
overlapping regions of the speed distribution. The high
nuclear mass and low energy threshold of XENON1T
mean that it probes lower WIMP speeds than the other
experiments. Similarly, SuperCDMS probes intermedi-
ate speeds and WArP probes high speeds. [35]. How-
ever, because of the finite energy window of the experi-

FIG. 3. Reconstructed speed distributions for the SHM (top),
SHM+DD (middle) and stream (bottom) benchmarks. The
true distribution is shown as a solid curve, while the best fit
reconstructed value is shown as a dashed curve. Also shown
are the marginalised 68% credible intervals (shaded pink).

ments, we cannot constrain f(v) across its entire range
and therefore we do not know what fraction of DM par-
ticles lie within reach of the experiments. Generically
then, it is not possible to reconstruct σp, and the bias
in σp shown in Fig. 2 is a problem inherent to all model
independent approaches. In the case of the SHM+DD
benchmark, only 72% of WIMPs lie within the sensitiv-
ity range of the experiments, leading to a reduction of
around 30% in the effective cross-section. In the case of
the SHM and stream benchmarks, almost all WIMPs are
accessible to the experiments, leading to an accurate re-
construction. However, we do not know a priori if this is
the case and therefore it is only possible to obtain a lower
bound on the cross-section. Nonetheless, this ignorance
of the cross-section does not preclude us from accurately
reconstructing the DM mass, as we have seen.
In summary, accurately measuring the WIMP mass

from direct detection data is crucial in order to convinc-
ingly detect, and characterise, DM. We have presented a
new parametrization of the DM speed distribution which
does so in a model independent way. While this leads
to an unavoidable uncertainty in the cross-section, it
does allow the speed distributions to be well constrained

Kavanagh et al. (2013)
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• N-body simulations are essential for modelling of DM (mass 
resolution and absence of baryons)	


!

• Different objects have been simulated at different masses	


!
• Significant effect of subhalos for DM-induced flux	


!
• Simulations provide an handle on the velocity distribution f(v), not 
Maxwellian	


!

• Phenomenological formulas are available but f(v) should be 
measured (neutrino telescopes are in a unique position to do that!)

Dark Ghosts - 1st GNN workshop on Indirect DM searches



• 6-dimensional phase-space density f(x,v)	


!
!
!
!

• If halo is spherical and the velocity distribution isotropic, the phase-
space only depends on the energy f(E)	



!
!
!
!

!
!
!

• Once the gravitational potential is fixed, f(E) can be determined	
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⇢(x) =

Z
f(x,v)d3vf(v) =

R
f(x,v)d3x

⇢(x)

⇢(r) = 4⇡
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• Extending the approach to anisotropic 
solutions f(E,L)	
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FIG. 4. The probability distribution of the speed distribution, f1(v), resulting from the scan of the parameters of the MW mass model (see Sec.
III) for, from left to right, the NFW, Einasto and Burkert DM halo proÞles. In this case the speed distribution is obtainedusing the Eddington
formalism, which assumes isotropy. The light (dark) blue band indicates the 68% (95%) credible region, while the solid black line corresponds
to the mean.
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FIG. 5. As Fig. 4 but for the speed distribution,f1(v), obtained using the procedure described in Sec. IV which allows the DM halo to be
anisotropic. The light (dark) green band indicates the 68% (95%) credible region, while the solid black line corresponds to the mean. The
solid blue line indicates the mean of the distribution off1(v) obtained from the Eddington procedure (as in Fig. 4). In theleft panel (for the
NFW DM halo), the dotted line is the Standard Halo Model Maxwell-Boltzmann distribution, Eq. (1), while the dashed line shows the Mao et
al. parametrization from Ref. [112]. In both cases the parameters are set to their mean values from Tab. II.

the assumption of an isotropic velocity tensor. The solution
obtained will be self-consistent, since it depends entirely on
the potential of the system.

We extended this approach to the case of an anisotropic ve-
locity tensor following the procedure introduced in Ref. [35],
where the phase-space densityF(E, L) is separable in the two
variablesF(E, L) = FE(E)FL(L). Ref. [35] parametrized the
L-dependent component in terms of three quantities (β0, β∞
andL0) and showed that, once this is done, self-consistent so-
lutions can be obtained for each given mass model simply by
inverting a Volterra integral equation. The phase-space den-
sity obtained provides good Þt to the radial dependence of the
velocity anisotropy parameter measured in simulated DM ha-
los surrounding galaxy clusters.

We apply the same procedure to the description of the MW
DM halo, noting that this strategy extends the Eddington for-
malism to anisotropic scenarios (see also Ref. [20]). It fol-

lows the same general approach employed when dealing with
mass models of the MW: unknown quantities (e.g. the density
proÞles of the matter components of the MW) are parame-
terized and the parameters are constrained by a set of obser-
vations. There are no observations that directly constrainthe
three parameters introduced forFL(L), therefore they must be
marginalized over. This could, in principle, spoil any hope
to reconstruct the velocity distribution iff1(v) were to vary
considerably asβ0, β∞ andL0 are varied.

Our main conclusions are:

• While FE(E) depends strongly on the values chosen for
β0, β∞ andL0, this is not the case forf1(v) and an ac-
ceptable reconstruction can still be achieved.

• The precision reached is, as expected, worse than when
the Eddington formalism, which assumes isotropy, is
used. Howeverf1(v) is determined within a factor of
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FIG. 4. The probability distribution of the speed distribution, f1(v), resulting from the scan of the parameters of the MW mass model (see Sec.
III) for, from left to right, the NFW, Einasto and Burkert DM halo profiles. In this case the speed distribution is obtained using the Eddington
formalism, which assumes isotropy. The light (dark) blue band indicates the 68% (95%) credible region, while the solid black line corresponds
to the mean.
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FIG. 5. As Fig. 4 but for the speed distribution, f1(v), obtained using the procedure described in Sec. IV which allows the DM halo to be
anisotropic. The light (dark) green band indicates the 68% (95%) credible region, while the solid black line corresponds to the mean. The
solid blue line indicates the mean of the distribution of f1(v) obtained from the Eddington procedure (as in Fig. 4). In the left panel (for the
NFW DM halo), the dotted line is the Standard Halo Model Maxwell-Boltzmann distribution, Eq. (1), while the dashed line shows the Mao et
al. parametrization from Ref. [112]. In both cases the parameters are set to their mean values from Tab. II.

the assumption of an isotropic velocity tensor. The solution
obtained will be self-consistent, since it depends entirely on
the potential of the system.
We extended this approach to the case of an anisotropic ve-

locity tensor following the procedure introduced in Ref. [35],
where the phase-space density F(E, L) is separable in the two
variables F(E, L) = FE(E)FL(L). Ref. [35] parametrized the
L-dependent component in terms of three quantities (β0, β∞
and L0) and showed that, once this is done, self-consistent so-
lutions can be obtained for each given mass model simply by
inverting a Volterra integral equation. The phase-space den-
sity obtained provides good fit to the radial dependence of the
velocity anisotropy parameter measured in simulated DM ha-
los surrounding galaxy clusters.
We apply the same procedure to the description of the MW

DM halo, noting that this strategy extends the Eddington for-
malism to anisotropic scenarios (see also Ref. [20]). It fol-

lows the same general approach employed when dealing with
mass models of the MW: unknown quantities (e.g. the density
profiles of the matter components of the MW) are parame-
terized and the parameters are constrained by a set of obser-
vations. There are no observations that directly constrain the
three parameters introduced for FL(L), therefore they must be
marginalized over. This could, in principle, spoil any hope
to reconstruct the velocity distribution if f1(v) were to vary
considerably as β0, β∞ and L0 are varied.
Our main conclusions are:

• While FE(E) depends strongly on the values chosen for
β0, β∞ and L0, this is not the case for f1(v) and an ac-
ceptable reconstruction can still be achieved.

• The precision reached is, as expected, worse than when
the Eddington formalism, which assumes isotropy, is
used. However f1(v) is determined within a factor of

VDF of Dark Matter from Simulations 3

Figure 2. The VDF for one representative dark matter halo
in Rhapsody (histogram), along with the best Þts using Eq. (1)
with ( v0 /v esc, p) = (0 .13, 0.78) (black, ! 2 = 0 .59), SHM (blue,
9.67), the double power-law model (cyan, 9.47), the Tsallis model
(green, 1.99), and the analytic VDFs from EddingtonÕs formu la
with isotropic assumption (red dash, 8.48), OsipkovÐMerri tt (ma-
genta dash, 6.41), and constant " = 1 / 2 (yellow dash, 11.8). The
y-axis is in log scale in the main Þgure and linear in the inset.

as q ! 1 (Vergados et al. 2008). It was argued that
the Tsallis model provides better fit to simulations with
baryons (Ling et al. 2010), although this conclusion may
be a! ected by the relatively low resolution of the simu-
lations.
In contrast, our empirical model, Eq. (1), is not based

on a Gaussian distribution but rather on an exponential
distribution. It also has a power-law cut-o! in (binding)
energy. Fig. 2 shows the VDF in a simulated halo, along
with the best fit from Eq. (1) and the best fits from other
conventional models. All the best-fit parameters are ob-
tained from the maximum-likelihood estimation in the
range of (0, vesc). The fits using Eq. (1) are statistically
better than other models or the analytic VDFs, espe-
cially around the peak and the tail. We performed the
likelihood-ratio test and found that our model fits sig-
nificantly better for all Rhapsody halos than the SHM
or the double power-law model at all four radii shown in
Fig. 1.
In Fig. 2 we also compare three analytic VDFs. For

the isotropic model shown, the analytic VDF is given
by Eddington’s formula, which gives a one-to-one corre-
spondence between the density profile and the VDF. For
anisotropic systems, one must also model the anisotropy
parameter, defined as ! = 1 " (" 2

! + " 2
" )/ (2" 2

r ), where
" 2 is the variance in each velocity component. There
is currently no analytic VDF whose anisotropy profile
matches that measured in simulations, so we choose three
simple and representative anisotropic models: constant
anisotropy (with ! = 0 and 1/ 2) and the Osipkov–
Merritt model (Osipkov 1979; Merritt 1985). The phase-
space distributions of these models can be determined
numerically (Binney & Tremaine 2008). For all three
cases, we adopt the NFW profile as in Eq. (2), with the
best-fit scale radius. For the Osipkov–Merritt model, we
use the best-fit anisotropy radius. It is shown in Fig. 2
and also suggested by the chi-square test for the models
considered that the analytic VDFs do not describe the
simulated VDF well.
Our VDF model, Eq. (1), consists of two terms: the

exponential term and the cut-o! term. The origin of the

the exponential term can be explained by the anisotropy
in velocity space. Fig. 3 shows the distributions, the dis-
persion, and the kurtosis of the velocity vectors along
the three axes of the spherical coordinate. Kurtosis is a
measure of the peakedness of a distribution, defined as
(
!

i v4
i )/ (

!
i v2

i )
2 " 3, where vi is the velocity of the i -th

particle along one axis, and this value is zero for the nor-
mal distribution. The ratios of dispersion between the
three axes are close to one at small radii, and the ratios
increase with radius. The kurtosis, on the other hand,
is in general non-zero and decreases with radius. An
important consequence of the non-zero kurtosis is that
even if the dispersion along the three axes are similar
(anisotropy parameter ! # 0), the velocity vectors do
not follow an isotropic multivariate normal distribution
in any coordinate system (even after a local coordinate
transformations). In other words, as long as there exists
either anisotropy or non-zero kurtosis in a certain coordi-
nate, the norms of the velocity vectors will not follow the
Maxwell–Boltzmann distribution. Indeed, Fig. 3 shows
that in the simulations, one always has non-zero kurto-
sis and/or anisotropy. Other simulations also indicate
that the velocity vectors of dark matter particles have
anisotropy (Abel et al. 2011; Sparre & Hansen 2012) and
non-zero kurtosis (Vogelsberger et al. 2009). We further
found that if the ratios of dispersion between the three
axes of a multivariate normal distribution are around 0.2
to 0.6, the norms of those random vectors will follow a
distribution which resembles our model without the cut-
o! term, v2 exp(" v/v 0). (For a formal discussion on this
topic, see e.g. Bjornson et al. 2009.) This suggests that if
one can find a coordinate system where the distributions
of the velocity components are all distributed normally
(with zero kurtosis), there will be a larger di! erence be-
tween the dispersion along the three axes in this new
coordinate system than in the spherical coordinate.
The (v2

esc " v2)p term in our VDF model introduces a
cut-o! at the escape velocity. It further suppresses the
VDF tail more than the exponential term alone does. De-
spite that this cut-o! term has the form of a power-law
in (binding) energy, the best-fit values of the parameter
p does not necessarily reflect the “asymptotic” power-
law index k, defined as k = limE! 0(d ln f /d lnE), where
f (E) is the (binding) energy distribution function. The
relation between k and the outer density slope has been
studied in the literature (Evans & An 2006; Lisanti et al.
2011). However, because d ln f /d lnE deviates from its
asymptotic value k rapidly as E deviates from zero,
the asymptotic power-law index k could be very di! er-
ent from the best-fit power-law index for the VDF tail
(e.g. v > 0.9vesc). Furthermore, the shape of the VDF
power-law tail could be set by recently-accreted subha-
los that have not been fully phase-mixed (Kuhlen et al.
2012), and hence has no simple relation with the density
profile. In high-resolution simulated dark matter halos,
particles stripped o! of a still-surviving subhalo are seen
to significantly impact the tail of the VDF. A larger sam-
ple of simulations at higher resolution than we consider
in the current analysis will be needed to further test this
hypothesis.

4. HALO-TO-HALO SCATTER IN VELOCITY
DISTRIBUTIONS

Fornasa & Green (2013)
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