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Abstract
Mixing effects in the MSSM Higgs sector can give rise to a sizeable interference between the neutral Higgs bosons.
On the other hand, factorising a more complicated process into production and decay parts by means of the narrowwidth approximation (NWA) simplifies the calculation. The standard NWA, however, does not account for interference
terms. Therefore, we introduce a generalisation of the NWA (gNWA) which allows for a consistent treatment of
interference effects between nearly mass-degenerate particles. Furthermore, we apply the gNWA at the tree and 1loop level to an example process where the neutral Higgs bosons h and H are produced in the decay of a heavy
neutralino and subsequently decay into a fermion pair. The h − H propagator mixing is found to agree well with
the approximation of Breit-Wigner propagators times finite wave-function normalisation factors, both leading to a
significant interference contribution. The factorisation of the interference term based on on-shell matrix elements
reproduces the full interference result within a precision of better than 1% for the considered process. The gNWA also
enables the inclusion of contributions beyond the 1-loop order into the most precise prediction.
Keywords: Narrow-width approximation, MSSM, Higgs bosons, higher order corrections

1. Introduction
Many models of new physics predict additional particles beyond the standard model. Depending on the specific model and its underlying parameters, some of the
new states might be nearly mass-degenerate, for example two of the neutral Higgs bosons or some sfermions
of the MSSM. In such cases with a small mass gap between two intermediate particles and simultaneously a
sizeable mixing among them, the interference term between contributions involving either of the nearly degenerate particles may become large. On the other hand,
an extended particle spectrum can lead to long cascade
decays of unstable particles. But many particles in the
final state in conjunction with the need for precise loop
corrections cause a technical challenge. So the wellknown narrow-width approximation is useful to calculate the production and decay of an intermediate parti-

cle. This can be iterated until a complicated process is
decomposed into sufficiently short sub-processes. Some
Monte-Carlo generators make use of this procedure, and
experimental searches for new particles are interpreted
with respect to the prediction of a production cross section times branching ratio(s). Yet, the NWA in its standard version (sNWA) does not take interference terms
into account. Instead of neglecting the interference or
performing the full calculation, which is - especially
at higher order - not always possible, we formulate a
generalised NWA (gNWA) that also factorises the interference term on-shell and thereby enables the separate
computation of loop corrections to the production and
decay parts including the interference term [1]. Particularly, we apply the gNWA on interfering Higgs bosons
within the decay of the neutralino χ̃04 into χ̃01 and a τpair. In a scenario with real MSSM parameters, only the
two CP-even Higgs bosons h, H mix. But the gNWA
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can also be used for the CP-violating interference between H and A in case of complex parameters and in
the context of other new physics models.
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2. Generalised narrow-width approximation
2.1. Standard NWA
The narrow-width approximation factorises a more
complicated process into the on-shell production of an
unstable particle and its subsequent decay. In Fig. 1, the
intermediate particle d with mass M, total width Γ and
momentum q2 is described by the Breit-Wigner propagator
 
1
.
(1)
∆BW q2 := 2
q − M 2 + iMΓ
If its width is narrow, Γ  M, if the production and
decay processes are kinematically open and if nonfactorisable and interference contributions are negligible, the cross section of the generic example process
ab → ce f via the resonant state d can be approximated
by
σab→ce f ' σab→cd × BRd→e f .

σint

=
'

2.2. Generalised NWA at tree level
However, in the presence of several resonances, interference effects can be relevant if the contributing intermediate particles 1 and 2 are nearly degenerate, i.e.,
if their mass splitting is below one of the total widths,
|M1 − M2 | ≤ Γ1 , Γ2 . Denoting the production and decay matrix elements by P(q2 ) and D(q2 ), respectively,
the full interference term in Eq. (3) can be approximated
by on-shell matrix elements in the master formula in
Eq. (4),

(2)

n
o
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2Re ∆BW
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# "Z
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dΦD (q2 )D1 (M12 )D∗2 (M22 ) ,
2Re
dΦP (q2 )P1 (M12 )P∗2 (M22 )
∆1 (q )∆2 (q )
2πF
Z

where ΦP/D are the production/decay phase spaces and F
the flux factor. Moreover, as a technical simplification
beyond the on-shell approximation for matrix elements,
also the phase spaces in Eq. (4) can be evaluated onshell and thus taken out of the q2 -integral. Under the
additional assumption of equal masses M1 = M2 , one
can express the interference term through weight factors
R, either as the weighted sum in Eq. (5) or in terms of
only one of the resonant particles in Eq. (6),
σint

Figure 1: The resonant process ab → ce f is split into the production
ab → cd and decay d → e f with particle d on-shell.

'

σPi BRi · Ri + σP j BR j · R j

'

σPi BRi · R̃i ,

Ri

:=

2Mi Γi wi · 2Re {xi I} ,

(7)

R̃i

:=

2Mi Γi · Re {xi I} .

(8)

(5)

i, j ∈ 1, 2, (6)

The R-factors are based on scaling factors x as the ratio
of couplings C P/D at the production/decay vertex [2–4],
the relative weight wi of each resonance i and the overlap integral I of the Breit-Wigner propagators within the

(3)
(4)

kinematic boundaries q2min , q2max ,
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Hence, Eqs. (4,5,6) add a new term to the standard
NWA, resulting in the generalised NWA which includes
the possibility of several resonances as well as their interference based on on-shell matrix elements or weight
factors at the tree level.
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2.3. Generalised NWA at higher order
In addition, the gNWA can be extended to incorporate higher-order order corrections as long as nonfactorisable contributions between the initial and final
state such as box diagrams are negligible. At 1-loop order with virtual corrections to the production and virtual
and real corrections to the decay, the product of matrix
elements is expanded as
P1 P∗2
D1 D∗2

7−→

0 1∗
P11 P0∗
2 + P1 P2 ,

7−→

D11 D0∗
2

+

D01 D1∗
2

(12)
+

δSB D01 D0∗
2 ,

(13)

where the superscripts 0/1 denote the tree/1-loop level
on-shell matrix elements and δSB the factor of soft
bremsstrahlung (see e.g. Ref. [5]). The result stays UVand IR-finite, if the diagrams containing virtual photons and δSB are evaluated at the same mass [1, 6–8].
It is possible to formulate the R-factor approximation
at 1-loop order such that higher-order cross sections
and branching ratios, but only tree level couplings are
used [1]. On top of 1-loop diagrams, also corrections of
higher order can be included into the gNWA,
X

best
σbest
σbest = σ0full +
− σ0Pi BR0i + σint1+ , (14)
Pi BRi
i

where the tree level cross section σ0full avoids an uncertainty from factorisation at lowest order. The best probest
duction cross section σbest
Pi and branching ratios BRi
mean the sum of the tree level, strict 1-loop and all available higher-order contribution to the respective quantity. Therefore, the products of tree level production
cross sections and branching ratios are subtracted because their unfactorised counterparts are already contained in the full tree level term σ0f ull . The corrections
to the interference term at the 1-loop level and beyond
are denoted by σint1+ .

3

S-matrix in the DR- or other renormalisation schemes
without on-shell renormalisation conditions:
Ẑi =

1
∂ i
2
2
∂p2 ∆ii p =Mci

,

Ẑi j =

∆i j (p2 )
∆ii (p2 )

.

(16)

p2 =Mc2i

Close to the complex pole Mc2i = Mi2 − iMi Γi , the
full momentum dependence of the internal propagators
can be approximated by a combination
p of Breit-Wigner
propagators and Z-factors Ẑi j = Ẑi Ẑi j , evaluated at
the complex pole [11]. Thus, we determine the interference contribution in terms of Z-factors and BreitWigner propagators.
4. Application of the gNWA at tree level
4.1. Example process: χ̃04 → χ̃01 τ+ τ−
In order to investigate the possible impact of interference terms, we study the example process χ̃04 → χ̃01 τ+ τ−
via a resonant h or H. We confront the 3-body decay
(Fig. 2(a)) with the prediction of the sNWA and gNWA
based on 2-body production and decay parts (Fig. 2(b))
in a modified Mhmax scenario defined in Tab. 4.1, where
h and H are nearly degenerate. Their mass difference
∆M = MH − Mh , shown in red in Fig. 3(a), is below
one of the total widths Γh/H . The ratio ∆M/(Γh + ΓH ) in
Fig. 3(b) gives a good indication of the parameter region
of most significant interference. If it is minimal, the
Breit-Wigner propagators overlap most strongly, causing a large overlap integral I.
M1
100 GeV
Xt
2.5 TeV

M2
200 GeV
µ
200 GeV

M3
800 GeV
tβ
50

MSUSY
1 TeV
MH ±
(153 GeV)

Table 1: The modified Mhmax scenario used for the numerical analysis.
Brackets indicate variation around this central value.

3. Mixing effects in the Higgs sector
For an application of the gNWA to interference effects in the Higgs sector, we briefly review, based on
Refs. [9, 10], the mixing of MSSM Higgs bosons. Selfenergy contributions to the mass matrix
Mi j (p2 ) = δi j m2i − Σ̂i j (p2 ),

(15)

where mi denotes the tree level mass of hi , are related
to mixing between the neutral Higgs boson propagators
∆i j (p2 ). In the case of mixed external Higgs bosons,
finite normalisation factors are introduced for correct
on-shell properties and the proper normalisation of the

4.2. Numerical analysis of the h − H-interference
As a function of the input Higgs mass MH + , Fig. 4
shows the decay width of χ̃04 → χ̃01 τ+ τ− computed with
FeynArts [12–16] and FormCalc [17–21] at the tree
level, but improved by 2-loop Higgs masses, widths and
Ẑ-factors from FeynHiggs [22–25]. The sNWA prediction (grey, dotted) overestimates the 3-body decay
width (black) by up to a factor of 5 whereas the gNWA
based on on-shell matrix elements (red, dashed, denoted
by M) or approximated by interference weight factors
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Figure 2: Example process χ̃04 → χ̃01 τ+ τ− with h or H as intermediate particles in the two interfering diagrams. The process is either
considered as (a) a 3-body decay or (b) decomposed in two 2-body
decays.
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Figure 4: The 1→3 decay width of χ̃04 → χ̃01 τ+ τ− at tree level
with contributions from h, H including their interference (black) confronted with the NWA: sNWA without the interference term (gray,
dotted), gNWA including the interference term based on on-shell matrix elements denoted by M (red, dashed) and on the R-factor approximation denoted by R (blue, dash-dotted).
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5. Application of the gNWA at higher order
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5.1. 3-body neutralino decay at the 1-loop level
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Figure 3: Higgs masses and widths from FeynHiggs including dominant 2-loop corrections in the modified Mhmax scenario. (a): Mass
difference ∆M ≡ MH − Mh (red) compared to total widths Γh (blue,
dotted) and ΓH (green, dashed). (b): Mass difference ∆M divided by
total width of h (blue, dotted), H (green, dashed) and by the sum of
both widths (orange).

(blue, dash-dotted, denoted by R) reproduces the unfactorised result within a few percent uncertainty. The huge
discrepancy between the sNWA and the 3-body decay
width originates from the large, destructive interference
term, owing to a small mass splitting ∆M and substantial mixing effects.

In order test the gNWA at the 1-loop level, also the
3-body decay width is needed at this order as a reference. Vertex corrections at both vertices, Higgs selfenergies as well as box diagrams and real photon emission contribute. The loop integrals are calculated with
LoopTools [17, 26]. For illustration, some example diagrams are depicted in Fig. 5.
The neutralino-neutralino-Higgs vertex is renormalised in an on-shell scheme, see e.g. Refs. [27–33].
Selecting the most bino-, higgsino- and wino-like states
on-shell, in this scenario χ̃01,3,4 , defines a stable renormalisation scheme [34]. Consequently, the masses of
the remaining gauginos χ̃02 and χ̃±1,2 receive loop corrections. The Higgs sector is renormalised in a hybrid
on-shell and DR- scheme. While Higgs-Higgs mixing
is already contained in the Z-factors, the self-energies
of Higgs and Goldstone/Z-bosons are calculated explicitly. Soft bremsstrahlung (SB) is proportional to the tree
level width Γ0 , ΓSB = δSB Γ0 . IR-divergences arising
from virtual photons in the final state vertex and from
soft bremsstrahlung off the charged leptons in the final
state cancel each other. The relative loop contribution
Γ1full /Γ0full − 1 is displayed in black in Fig. 6, amounting to
up to 11%.
5.2. Validation of the gNWA including loop corrections
For the gNWA prediction, the 2-body decay widths
Γ(χ̃04 → χ̃01 h/H), Γ(h/H → τ+ τ− ) as well as the production and decay on-shell matrix elements are calcu-
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lated at the 1-loop level. As before, Higgs masses, total widths and Z-factors are obtained from FeynHiggs
at the leading 2-loop order. Fig. 6 shows the relative
deviation Γ1gNWA /Γfull − 1 between the gNWA prediction with 1-loop corrections and the 1-loop 3-body decay width. While the R-factor approximation deviates
from the full result by up to 4%, the method of on-shell
matrix elements agrees with Γfull within a precision of
better than 1%, which is of the order of the estimated
remaining uncertainty of the full 1-loop result. Hence,
the gNWA uncertainty of the M-version stays mostly
below the relative loop contribution, except where the
full loop correction is minimal and even vanishing. The
R-factor simplification can be regarded as a technically
easier estimate of the interference term with loop corrections, whereas the M-method provides a precise approximation of combined interference and higher order
effects.
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Figure 7: The relative effect of the most precise branching ratios and
product of 1-loop terms on the prediction of the gNWA with on-shell
matrix elements (red, denoted by M) and the R-factor approximation
(blue, denoted by R̃) with respect to the 1-loop expansion.

gNWA precision vs . full loop size

12

mately constant shift of 4.15 · 10−4 GeV. Besides, loop
contributions beyond the 1-loop level can be included in
both versions of the gNWA according to Eq. (14), such
as branching ratios from FeynHiggs at the leading 2loop level and products of 1-loop partial results. Fig. 7
presents the relative impact of these higher-corrections
with respect to the 1-loop expansion of cross sections
times branching fractions or matrix elements. In this
example process and scenario, the impact amounts to
up to 1.2% for the M-method and up to 0.4% for the
R-approximation.
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Figure 5: Example diagrams of the 3-body decay at 1-loop order:
production and decay vertex, Goldstone-Higgs mixing, box.
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6. Conclusion
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Figure 6: Precision of the gNWA at the 1-loop level using the matrix
element method denoted by M (red, dashed) and using the R-factor
approximation denoted by R̃ (blue, dash-dotted) compared to the relative size of the loop contribution in the full calculation (black). The
±1% region is indicated in gray.

The 3-body decays mediated by a resonant CP-even
Higgs boson A, a neutral Goldstone G, a Z-boson or a
non-resonant τ̃ have been omitted so far (but H − G and
H −Z mixing has been included) since they do not interfere with the CP-even Higgs bosons h and H. For a realistic prediction of the example process, the lowest order
contributions from A, G, Z and τ̃ are taken into account,
increasing the width Γ(χ̃04 → χ̃01 τ+ τ− ) by an approxi-

Interference effects can drastically modify the cross
section or partial decay width of a process if nearby resonances of particles with considerable mixing overlap
within their total widths. Such degeneracies are possible in many BSM scenarios. We introduced a generalisation of the NWA to include the interference term
in an on-shell approximation that maintains the convenient factorisation into a production cross section and
branching ratio as in the standard NWA. For the example process of χ̃04 → χ̃01 τ+ τ− via h/H, the gNWA is validated against the 3-body decay width at lowest order
and with 1-loop vertex, self-energy and box corrections
and soft bremsstrahlung. In the analysed scenario of
similar masses Mh , MH and large h − H mixing, a significant destructive interference causes a huge discrepancy between the standard NWA and the full result. In
contrast, the gNWA based on on-shell matrix elements
in the interference term reproduces the full result within
an accuracy of better than 1%. The factorisation of a
more complicated process into a production and decay
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part achieved with the gNWA can be exploited for incorporating further higher-order contributions, leading
to the most accurate prediction within this framework.
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