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Abstract

We investigate the vector form factor relevant for the K`3 semileptonic decay using maximally twisted-mass
fermions with 4 dynamical flavours (N f = 2 + 1 + 1). Our simulations feature pion masses ranging from 210 MeV
to approximately 450 MeV and lattice spacing values as small as 0.06fm. Our main result for the vector form factor
at zero 4-momentum transfer is f+(0) = 0.9683(65) where the uncertainty is both statistical and systematic. By com-
bining our result with the experimental value of f+(0)|Vus| we obtain |Vus| = 0.2234(16), which satisfies the unitarity
constraint of the Standard Model at the permille level.

1. Introduction and simulation details

Meson semileptonic decays are very interesting phe-
nomena because the measure of their rates combined
with lattice QCD calculations allows us to extract the
elements of the CKM matrix. Specifically, in this contri-
bution we present our calculation of the vector form fac-
tor of the kaon semileptonic decay at zero 4-momentum
transfer, which allows us to extract the value of |Vus|.

This is possible thanks to the relation between the
vector current responsible for the decay and two form
factors:〈
π(p′)|Vµ|K(p)

〉
= (pµ+p′µ) f+(q2)+(pµ−p′µ) f−(q2), (1)

where qµ = pµ − p′µ. The definition of the scalar form
factor f0 is

f0(q2) = f+(q2) +
q2

M2
K − M2

π

f−(q2), (2)

which implies the relation f+(0) = f0(0). By calculating
f+(0) on the lattice and using the experimental result of
f+(0)|Vus| we can then extract the value of |Vus|.

We used the ensembles produced by the ETM Collab-
oration with N f = 2+1+1 using the Twisted Mass action
[1, 2], which include in the sea, beside the contribution

of two degenerate light quarks, the strange and charm
quarks. Our simulation features pion masses ranging
from 210 MeV to approximately 450 MeV and three
values of the lattice spacing, the smallest being approx-
imately 0.06fm. Valence quarks were simulated using
the Osterwalder-Seiler action [3], while the gauge fields
were implemented using the Iwasaki action [4]. For
each lattice spacing we used three values of the bare
strange quark mass to allow for a smooth interpolation
of our data to the physical value ms, which we deter-
mined in our paper [5]. Different values of the spatial
momenta were simulated using Twisted Boundary con-
ditions [6, 7], allowing us to cover both the spacelike
and timelike region of the 4-momentum transfer. For
further details about the simulation the reader should see
ref. [5].

We studied a combination of three-points correlation
functions in order to extract the form factors f+ and f0
as functions of the 4-momentum transfer q2, light quark
mass m` and the lattice spacing a. We then performed
a chiral and continuum extrapolation in order to obtain
the physical value of f+(0).

Our result is f+(0) = 0.9683(65) where the uncer-
tainty is both statistical and systematic.This allows us
to extract the value of the CKM matrix element |Vus| =

0.2234(16), which is compatible with the unitarity con-
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Figure 1: Example of the matrix elements 〈V0〉 and 〈Vi〉 extracted
from the quantity Rµ corresponding to an ensemble with β = 1.90,
L/a = 24, aµl = 0.0080, aµs = 0.0225, |~p| = | ~p′ | ' 87MeV.

straint of the Standard Model at the permille level.

2. Extraction of the form factors

Our data consists of three point correlation functions
connecting moving pions and kaons through a vector
current inserted at a time distance t from the source and
(T/2 − t) from the sink. The behaviour of these cor-
relation functions for large t/a allows us to extract the
matrix elements of the vector current by studying the
following quantity

Rµ(t, ~p, ~p′) =
CKπ
µ (t, ~p, ~p′)CπK

µ (t, ~p′, ~p)

Cππ
µ (t, ~p′, ~p′)CKK

µ (t, ~p, ~p)
,

Rµ
t→∞
−−−→

〈
π(p′)|Vµ|K(p)

〉 〈
K(p)|Vµ|π(p′)

〉〈
π(p′)|Vµ|π(p′)

〉 〈
K(p)|Vµ|K(p)

〉 . (3)

The matrix elements 〈V0〉 and 〈Vi〉 can be extracted from
the Rµ(t, ~p, ~p′) plateaux as〈

π(p′)|V0|K(p)
〉

= 〈V0〉 = 2
√

R0
√

EE′,〈
π(p′)|Vi|K(p)

〉
= 〈Vi〉 = 2

√
Ri

√
pi p′i .

(4)

Thus, we obtain the form factors through the relations

f+(q2) =
(E − E′) 〈Vi〉 − (pi − p′i) 〈V0〉

2Ep′i − 2E′pi
,

f−(q2) =
(pi + p′i) 〈V0〉 − (E + E′) 〈Vi〉

2Ep′i − 2E′pi
,

(5)

and subsequentely calculate f0(q2) from eq.(2). An ex-
ample of the extraction of the matrix elements can be
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1Figure 2: Interpolation of the form factors f+(q2) and f0(q2) data to
q2 = 0 using the z expansion [8]. The plot refers to an ensemble with
β = 1.90, L/a = 24, aµl = 0.0060, aµs = 0.0225.

seen in fig.(1). Meson masses were calculated by isolat-
ing the ground state of two points correlation functions
of pseudoscalar mesons at rest.

3. Analysis of the form factors

The first step in our analysis was to study the depen-
dence of f+ and f0 on the 4-momentum transfer q2 in
order to interpolate our data to q2 = 0. This was done
using the z expansion [8] (up to O(z)) and the condition
f+(0) = f0(0) is imposed as a constraint. An example
can be seen in fig.(2). We also tried to fit the q2 depen-
dence using other fit ansatz (e.g. polynomial expression
in q2), obtaining nearly identical results. Thus, after in-
terpolating our data to the physical value of the strange
quark mass using a quadratic spline procedure, we per-
formed the chiral and continuum extrapolation using the
following SU(2) ChPT prediction at NLO [9]:

f+(0) = F+
0

(
1 −

3
4
ξl log ξl + P2ξ + P3a2

)
, (6)

where xi = 2B0m`/(4π f0)2, a is the lattice spacing and
the parameters F+

0 , P2 and P3 are determined by our fit.
In order to estimate the systematic uncertainty in-

duced by the chiral extrapolation we also fitted our data
using the SU(3) ChPT ansatz beyond the NLO:

f+(0) = 1+ f2 + (M2
K −M2

π)2[∆1 + (M2
K + M2

π)∆2]+∆3a2,
(7)

where ∆1, ∆2 and ∆3 are determined in our fit. The full
expression for f2 can be found in [11, 10]. In eq.(7) the
Ademollo Gatto theorem [12] is satisfied in the contin-
uum limit, i.e. in the SU(3) limit f+(0) = 1 and the de-
viations from this value are quadratic in (M2

K − M2
π). In

fig.(3) we show the chiral and continuum extrapolation
of our data, using eqs. (6) and (7). It can be seen that
the results at the physical point are compatible within
the uncertainties. Thus we combined the two results ob-
taining

f+(0) = 0.9683(50)stat+ f it(42)Chir = 0.9683(65), (8)
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Figure 3: Chiral and continuum extrapolation of the quantity f+(0),
showing both the SU(2) (solid lines) and the SU(3) (dashed lines)
ChPT fit results

where ()stat+ f it indicates the statistical uncertainty which
includes the one induced by the fitting procedure and
the error induced by the numerical inputs needed for the
analysis, namely the values of the light quark mass m`,
the lattice spacing a and the SU(2) ChPT low energy
constants f0 and B0, which were determined in [5]. The
()Chir part of the uncertainty is the one induced by the
difference in the results corresponding to the two chiral
extrapolations we performed. It should be noticed that
there are two lattice points calculated at the same lat-
tice spacing and light quark mass but different volumes.
They turn out to be well compatible within the uncer-
tainties, allowing us to state that finite size effects can
be safely neglected in our analysis.

We then took the experimental value of |Vus| f+(0)
from [13] and obtained

|Vus| = 0.2234(16). (9)

Taking the result for |Vud | from [14] we perform the uni-
tarity test

|Vud |
2 + |Vus|

2 + |Vub|
2 = 0.9991(8), (10)

where the contribution of |Vub|
2 is negligible.

4. An outlook on a possible extension

As a possible extension of our analysis we performed
a multi-combined fit of the q2, m` and a dependencies of
the form factors in order to predict them not only at q2 =

0, but on the entire q2 region accessible to experiments,
i.e from q2 = 0 to q2 = q2

max = (MK − Mπ)2

We opted for the same strategy used in [15], i.e.
we performed a global fit using functional forms of
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Figure 4: Fit results for the quantities f+(q2)/ f+(0) and f0(q2)/ f+(0)
as functions of q2 at the physical point. The red dot (square) corre-
sponds to q2

max (q2
CT ).

the form factors derived by expanding in powers of
x = Mπ2/M2

K the NLO SU(3) ChPT predictions for the
form factors [10, 11]. As a constraint we included in the
analysis the Callan-Treiman theorem [16], which relates
in the SU(2) chiral limit the scalar form factor calculated
at the unphysical q2

CT = M2
K − M2

π to the ratio of the de-
cay constants fK/ fπ. A preliminary result for the form
factors is presented in fig.(4).
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