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Abstract

Flavour symmetries have been used to constrain both quark and lepton mixing parameters. In particular, they can
be used to completely fix the mixing angles. For the lepton sector, assuming that neutrinos are Majorana particles, we
have derived the complete list of mixing patterns achievable in this way, as well as the symmetry groups associated to
each case. Partial computer scans done in the past have hinted that such list is limited, and this does indeed turn out
to be the case. In addition, most mixing patterns are already 3-sigma excluded by neutrino oscillation data.
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1. Residual symmetries of the lepton mass matrices

Two lepton mixing angles are known to be large, yet
there is no established theory which explains their val-
ues. One hypothesis is that the lepton flavour structure
is explained by the existence of some finite symmetry
which acts on flavour space. Given that symmetry is
known to play a critical role in fundamental physics,
this is a particularly appealing possibility, which was
explored extensively in the literature. However, most re-
search has focused on building models which incorpo-
rate particular flavour symmetries, with little attention
being given to the problem of systematically cataloging
the various possibilities.

References [2, 3] are notable exceptions, where the
GAP program [4] was used to make scans over various
groups and representations, yielding lists of lepton mix-
ing matrices which can be obtained from finite flavour
symmetries. However, even though these are interesting
pioneering works in this area, by the very nature of such
computational scans, they are necessarily partial since
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there are infinitely many groups to be searched. Fur-
thermore, it is useful to have not just a computational
understanding of the problem, but an analytical one as
well.

In [1] we have done such a systematic study for the
cases where the lepton mixing matrix is predicted com-
pletely by a finite discrete symmetry, leaving no rela-
tion between mixing angles and mass ratios. It is then
appropriate to first briefly review the relation between
this class of models and the residual symmetries of the
lepton mass matrices. Assuming that neutrinos are Ma-
jorana particles, the mass terms of leptons are the fol-
lowing:

- 1
gmass = _KLMKKR + EV}:C_lMVVL + h.c. (1)

A transformation (£;,v;) — (T¢.,S;vy) with T =
U' - diag (/1<0)’/l(20),/l(30)) U and S;,3 given by
diag (—1,+1,+1), diag(l,-1,+1), diag(+1,+1,—1)
will impose U as the lepton mixing matrix, provided
that the eigenvalues of T are distinct.> To be precise,
given that this symmetry leaves the lepton masses com-
pletely unconstrained, one is able to impose that the

21f this is not the case, two T matrices are needed.
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absolute values of the entries of the mixing matrix are
given by |UJ;; = |Ul~ j|, up to row and column permuta-
tions of U.

The (T, S ;} matrices generate a group G, which is in-
finite in general. However, it should be noted that the
cases where G is finite are particularly interesting and
deserve special attention, as they provide a way to avoid
having massless scalar particles. One can ask: when
does T and the S; generate a finite group?

The answer to this question depends on both U and
the eigenvalues of the T matrix (the /ll(.o)). For example,
in [5] it was proven that for tribimaximal mixing (TBM)
— which was an acceptable ansatz until the reactor an-
gle was measured to be appreciable — the resulting
group is finite if and only if the eigenvalues of T are
(1, w, a)z) up to permutations of these values and multi-
plication by a common root of unity (w = exp(2mi/3)).
Depending on this multiplicative root of unity, G might
be S4 or some other group which contains it as a sub-
group. It is therefore natural to associate tribimaximal
mixing with the effective symmetry group S 4.

The technique used in [5] to derive this connection
relied on scanning all finite subgroups of SU(3) (as
listed in [6, 7]; see also [8]) and on analyzing their
3-dimensional irreducible representations. However,
there is a simpler way to derive the same result.

2. Roots of unity, and finite groups

The finiteness of a group G requires that the eigen-
values of its elements g € G, in any representation,
must be roots of unity. This is a direct consequence
of the fact that there is always some positive integer
n such that g" = e (the identity element). As such,
the eigenvalues of T (the /150)) as well as those of T'S ;
(which we may call /lﬁj)) must all be roots of unity.
Computing the eigenvalues of the 7'S; matrices as a
function of those of T can be done, but the expres-
sions are in general complicated so, instead of looking
at the /IEJ) individually, we may consider the combina-
tions /l(l‘i) + /l;i) + /lg’) which are just the traces of the
matrices 7S ; (no additional useful information is ob-
tainable from 125" + 172 + 255 and 29272,
For U = Urpy, it is easy to check that

20410 4 A0 +3(42 + A2 4 A2) =0, @)

This is a vanishing sum of roots of unity with integer
coefficients, whose solutions can be found using theo-
rem 6 of [9]. There are two: either (a) /1(10) = /1(20) =
AP = —a? and /15.2) =27 G #j#k#i)or

) (1,29, 4) = £(1,w,0?) and (47,27, 2) =
& (1, w, (uz) for some roots of unity &, & (up to permu-

tations amongst the /ll(.o)//lfz)). Solution (a) implies that
the eigenvalues of T are completely degenerate (7 oc 1)
which is unacceptable from the physical point of view
(see section 1). Solution (b) is the one reported in [5].

3. The lepton mixing matrices compatible with finite
symmetries

Instead of just scanning the allowed /150) for a partic-
ular value of U, in [1] we considered the problem in
full generality, which resulted in the list of all the val-
ues of (/150), U ) which lead to a finite group. To do so,
we applied known results concerning roots of unity (see
also [10]), without having to rely on the classification
of the finite subgroups of S U(3), nor did we have to use
group or representation theory. This is particularly rel-
evant given that finding the finite subgroups of S U(3)
and their representations over the last century was not a
straightforward task (see [11]).

In a first step, it can be shown that, up to row and col-
umn permutations, the representation matrix X of any
element of a finite group which contains the S; is of the
form

I 1 V5-1 5+l
0 V22 2 4 4+
|X|= 1 1 1 V5+1 1 V5-1
vororl A A o
Vo2 o2 )\ SR
1 0 0
or| 0 cosé sinf |, 3)

0 sinf coséf

where 6 is some rational angle (0 = ng, with g € Q).
This applies to X = T but also to X = T2, for example.
It is then possible, in a second step, to enumerate all the
possible T’s by knowing the allowed values of |T| and
7.

| (|}iven that the rows of U™ are the eigenvectors of
T, we end up with a list of the lepton mixing ma-
trices which are compatible with a finite flavor group
G. This list contains 17 sporadic U’s involving three-
flavour mixing, as well as the infinite series of mixing
matrices

| 1 1+Rep 1-Rep
[UP==|1 1+Re(wp) 1-Re(wp) 4)
I 1+Re(w?p) 1-Re(w?p)

where p = exp (2nip/n) can be any root of unity. The
sporadic cases are associated with the minimal groups
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A4, S4, As, PSL(2,7) and 2(360 x 3) and they are
excluded by neutrino oscillation data at more than 30
since they all predict either sin? 6,3 = 0 or sin® 63 equal
or larger than (5 - \/ﬁ) /12 = 0.035.
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Figure 1: Plots showing the angles predicted by some of the mixing
matrices which can be obtained with finite flavour symmetries (figure
taken from [1]). The sporadic mixing matrices appear as dots, while
the infinite series of U’s displayed in equation (4) is represented as
a red (cos? 03 sin? 6y = 1/3) and a green (Sin2 613 = 1/3) line, de-
pending on the column permutation which is considered. The num-
bers along the red curves indicate the values of Re (p°). The gray
areas indicate the 1, 2 and 30 regions allowed by neutrino oscillation
experiments, as computed by Forero et al. [12].

That leaves the infinite series of equation (4) —
for —0.69 < Re (p6) < —0.37 — as the only phe-
nomenologically viable case (see figure 1). Note that
this type of mixing implies a 6,3 reasonably far from
maximal (sin’6»; ~ 0.4 or 0.6), and a trivial Dirac-
type phase 6. If n is not divisible by 9, it can be

shown that the minimal group G is A (6m2), with m =
Iem (6, n) /3; otherwise G is a semi-direct product of the
form (Z,, X Z,y;3) x S3, with m = lem (2, n).
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