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Introduction

QCD(Quantum Chromodynamics): interactions among quarks and gluons.

Asymptotic freedom: weak coupling for d�1 fm ⇒ good description of
phenomena with an intrinsic hard scale Q2.

Q2 � Λ2
QCD ⇒ αs

(
Q2

)
� 1 ⇒ perturbative theory.

Q2 ∼ Λ2
QCD ⇒ αs

(
Q2

)
∼ 1 ⇒ Soft processes ⇒ non-perturbative theory.

⇓

Regge Theory
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High-Energy Physics

What happens?

pA

pB

k0

k1

ki−1

ki

kn

kn+1

}
si = (ki−1 + ki)

2

∞∑
n=0

cn (αs)n
(
ln + an−1ln−1 + ...+ a0

)
αs � 1 & l & 1

⇓
Need of resummation

Which kind of log?

Kinematics in High Energy Physics

Fixed order calculation

αs

αs

αs

αs

αs

αs

αs

αs

αs

? ? ?

∞�

n=0

Cn(αs)n
�
Ln + an−1Ln−1 + · · · + a0

�

αs << 1 but L � 1

⇒ Need of resummation

Example: Deep Inelastic Scattering:

1
Q2

γ∗

x � Q2/s

Q2

e−

e−
1

Q2
0

hadron

Q2 >> Q2
0 ⇒ perturbative : DIS

DGLAP : x ∼ 1 ⇒
�

αs ln
�

Q2/µ2
R

��n

BFKL : x → 0 ⇒ [αs ln (1/x)]n

BFKL: Balitski, Fadin, Kuraev, Lipatov
DGLAP: Dokshitzer, Gribov, Lipatov, Altarelli, Parisi

saturation

B
F
K

L
e
v
o
lu

ti
o
n

:
x
→

0

DGLAP evolution : x → 1

Q2

C
C
FM

&
D
LL

A
ev

ol
ut

io
n

x → 0

x → 1

n
o
n
−

p
e
rt

u
rb

a
ti
v
e

re
g
io

n

1/x

Λ2
QCD ≤ Q2

0

αs(Q
2)

Q2Λ2
QCD ≤ Q2

0
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Regge Theory

In the Regge limit:

s � t, soft processes

S matrix postulates
Unitarity

Analyticity

Crossing

A (s, t) ∼ s j(t)

⇓
σtot = ImA(s,0)

s ∼ s j(0)−1 = sω

If σtot does not fall as s
increases

⇓

Exchange of “something”
with vacuum quantum

numbers
pA

pB

pA′

pB′

[Pomeranchuk (1956)]
[Foldy and Peierls (1963)]

Experimentally total cross
sections rise slowly as s

increases

The Classical Pomeron

Landshoff-Donnachie fit

!P(t) = 1.08 +0.25(GeV−2)t

Regge Theory University of Southampton

⇓
Hypothesis of a single Reggeon

⇓
j (0) > 1

Soft Pomeron:

jP (0) ' 1.08⇒ ωp ' 0.08

[Donnachie and Landshoff
(1992)]
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QCD in the Regge limit: the BFKL approach

Processes with a hard scale Q2 ⇒ αs
(
Q2) ⇒ pQCD

Regge kinematics: s →∞, t fixed ⇒ x ' |t|s � 1

Do we still have a Pomeron exchanged?
Can we “get it” from QCD?

Large logarithms in s compensate small αs : αs ln s ∼ 1⇔ αs ln
( 1

x

)
∼ 1

BFKL: resummation of terms enhanced by powers of ln s −→ ∼ αn
s ln

n s (LLA)

σLLA
tot ∼

sωP
√
ln s

ωP = 4NC
αs

π
ln 2

HERA αs
(
Q2) ' 0.15 −→ ωPBFKL ' 0.4 −→ ωPsoft

6= ωPBFKL

The BFKL approach became popular due to experimental results on DIS at HERA
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Next-to-leading logarithmic approximation

Leading logarithmic approximation
(LLA)[

αs ln
(

s
s0

)]n
Multi-Regge-Kinematics (MRK)

y1 � y2 � y3 � y4 � ...

Fixed coupling

s0 arbitrary

BFKL evolution Forward-backward observables The high energy effective action Summary

2

High energy factorization, reggeization and BFKL evolution

High energy factorization: absorb large high energy logarithms αs ln s into (effective)
t-channel exchange

(inclusive) cross-section: phase space opens sum over infinite many real emissions:
Multi-Regge-Kinematics (LL)

pA

pB

pA�

pB�

s

s1

s2

...

s3

sn+1

k1

k2

k3

kn

* yi � yi+1: strong ordering of real gluons in rapditiy

* k2
i ∼ k2

i+1: don’t grow with energy

α
n
s

� ln s

0

dy1

� y1
dy2 . . .

� yn−1

0

dyn ∼ (αs ln s)n

n!

* virtual corrections: multiplicative factor s
ω(ti)

i for each
t-channel

* ω(ti): gluon Regge trajectory

X-sec. as convolution in transverse momentum space:

σ(s) =

�
d2k1

π

�
d2k2

π
φ1 (k1, s0) fBFKL

�
s

s0

, k1, k2

�
φ2 (k2, s0)

φ: coupling to external
particles process
dependent

fBFKL: the BFKL gluon
Green’s function (universal)

s0: reggeization scale

The quest for the BFKL Pomeron Martin Hentschinski

Region of energies and momentum transfers not
known.

=⇒ Radiative corrections are needed

⇓

Next-to-leading logarithmic approximation
(NLLA)

αs

[
αs ln

(
s
s0

)]n−1

Quasi-Multi-Regge-Kinematics (QMRK)

y1 � y2 ' y3 � y4 � ...

Running coupling

Introduces two scales: µR and s0
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BFKL evolution Forward-backward observables The high energy effective action Summary

2

High energy factorization, reggeization and BFKL evolution

High energy factorization: absorb large high energy logarithms αs ln s into (effective)
t-channel exchange

(inclusive) cross-section: phase space opens sum over infinite many real emissions:
Multi-Regge-Kinematics (LL)

pA

pB

pA�

pB�

s

s1

s2

...

s3

sn+1

k1

k2

k3

kn

* yi � yi+1: strong ordering of real gluons in rapditiy

* k2
i ∼ k2

i+1: don’t grow with energy

α
n
s

� ln s

0

dy1

� y1
dy2 . . .

� yn−1

0

dyn ∼ (αs ln s)n

n!

* virtual corrections: multiplicative factor s
ω(ti)

i for each
t-channel

* ω(ti): gluon Regge trajectory

X-sec. as convolution in transverse momentum space:

σ(s) =

�
d2k1

π

�
d2k2

π
φ1 (k1, s0) fBFKL

�
s

s0

, k1, k2

�
φ2 (k2, s0)

φ: coupling to external
particles process
dependent

fBFKL: the BFKL gluon
Green’s function (universal)

s0: reggeization scale

The quest for the BFKL Pomeron Martin Hentschinski

Region of energies and momentum transfers not
known.

=⇒ Radiative corrections are needed

⇓

Next-to-leading logarithmic approximation
(NLLA)

αs

[
αs ln

(
s
s0

)]n−1

Quasi-Multi-Regge-Kinematics (QMRK)
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Running coupling

Introduces two scales: µR and s0
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Mueller-Navelet jets

proton(p1) + proton(p2) → jet1(k1) + jet2(k2) + X

dσ
dxJ1dxJ2d2kJ1d2kJ2

=
∑

i,j=q,q̄,g

1∫

0

dx1

1∫

0

dx2 fi (x1, µ)fj (x2, µ)
dσ̂i,j (x1x2s, µ)

dxJ1dxJ2d2kJ1d2kJ2

p2

x2

p1

x1 kJ,1

kJ,2

Sudakov decomposition:

kJ,1 = xJ,1p1 +
~k 2
J,1

xJ,1s p2 + kJ,1⊥ , k2
J,1⊥ = −~k 2

J,1 , s = 2p1 · p2

kJ,2 = xJ,2p2 +
~k 2
J,2

xJ,2s p1 + kJ,2⊥ , k2
J,2⊥ = −~k 2

J,2

large jet transverse momenta: ~k 2
J,1 ∼ ~k 2

J,2 � Λ2
QCD −→ perturbative QCD applicable

large rapidity gap between jets, ∆y = ln xJ,1xJ,2s
|~kJ,1||~kJ,2|

, −→ s = 2p1 · p2 � ~k 2
J,1 2

−→ BFKL resummation:
∑

n cn αn
s ln

n s + dn αn
s ln

n−1 s
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The BFKL approach

Total cross section A + B → X , via the optical theorem, σ = ImsA
s

Regge limit (s →∞)
⇒ BFKL factorization for ImsA:
convolution of the Green’s function of two interacting
Reggeized gluons and of the impact factors of the
colliding particles.

Valid both in
LLA (resummation of all terms (αs ln s)n)
NLA (resummation of all terms αs(αs ln s)n).

ImsA =
s

(2π)D−2

∫
dD−2q1

~q 2
1

ΦA(~q1, s0)

∫
dD−2q2

~q 2
2

ΦB(−~q2, s0)

δ+i∞∫
δ−i∞

dω
2πi

(
s
s0

)ω
Gω(~q1, ~q2)

The Green’s function is process-independent and is determined through the BFKL
equation. [Ya.Ya. Balitsky, V.S. Fadin, E.A. Kuraev, L.N. Lipatov (1975)]

ω Gω(~q1, ~q2) = δD−2(~q1 − ~q2) +

∫
dD−2q K(~q1, ~q) Gω(~q, ~q1) .
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Solution of the BFKL equation

The Green’s function obeys the BFKL equation

δ2(~q1 − ~q2) = ω Gω(~q1, ~q2)−
∫

d2~q K(~q1, ~q) Gω(~q, ~q2)

Transverse momentum space definition

~̂q |~qi 〉 = ~qi |~qi 〉 , 〈~q1|~q2〉 = δ(2)(~q1 − ~q2) , 〈A|B〉 = 〈A|~k〉〈~k|B〉 =

∫
d2kA∗(~k)B(~k)

The kernel operator K̂ is
K(~q2, ~q1) = 〈~q2|K̂ |~q1〉

Straightforward solution in the transverse momentum space

1̂ = (ω − K̂)Ĝω −→ Ĝω = (ω − K̂)−1 , K̂ = ᾱs K̂0 + ᾱ2
s K̂

1 , ᾱs =
αsNc

π

Solution for the Ĝω operator with NLA accuracy

Ĝω = (ω − ᾱs K̂0)−1 + (ω − ᾱs K̂0)−1
(
ᾱ2

s K̂
1
)

(ω − ᾱs K̂0)−1 +O
[(
ᾱ2

s K̂
1
)2
]
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Basis of eigenfunctions of the LO kernel

K̂0|n, ν〉 = χ(n, ν)|n, ν〉 , χ(n, ν) = 2ψ(1)− ψ
(

n
2

+
1
2

+ iν
)
− ψ

(
n
2

+
1
2
− iν

)
〈~q |n, ν〉 =

1
π
√
2

(
~q 2)iν− 1

2 e inθ , cos θ ≡ qx

〈n′, ν′|n, ν〉 =

∫
d2~q
2π2

(
~q 2)iν−iν′−1 e i(n−n′)θ = δ(ν − ν′) δnn′

The action of the full NLO BFKL kernel on these functions may be expressed as follows:

K̂ |n, ν〉 = ᾱs(µR)χ(n, ν)|n, ν〉+ ᾱ2
s (µR)

(
χ(1)(n, ν) +

β0

4Nc
χ(n, ν) ln(µ2

R)

)
|n, ν〉

+ ᾱ2
s (µR)

β0

4Nc
χ(n, ν)

(
i
∂

∂ν

)
|n, ν〉 ,

Impact factors
Projection of the impact factors φi (~q) onto the eigenfunctions of LO BFKL kernel, i.e. the
transfer to the (n, ν)-representation

ci (n, ν) =

∫
d2~q

φi (~q)

~q 2
1

π
√
2

(
~q 2)iν− 1

2 e inφ .

Here φ is the azimuthal angle of the vector ~q counted from some fixed direction in the
transverse space.
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Impact factors are process-dependent;
A A

~q1 ~q1

only very few have been calculated in the NLA:

colliding partons
[V.S. Fadin, R. Fiore, M.I. Kotsky, A. Papa (2000)]

[M. Ciafaloni and G. Rodrigo (2000)]

γ* −→ V , with V = ρ0, ω, φ, forward case
[D.Yu. Ivanov, M.I. Kotsky, A. Papa (2004)]

forward jet production
[J. Bartels, D. Colferai, G.P. Vacca (2003)]

[F. Caporale, D.Yu. Ivanov, B. M., A. Papa, A. Perri (2012)]
(small-cone approximation) [D.Yu. Ivanov, A. Papa (2012)]

forward identified hadron production
[D.Yu. Ivanov, A. Papa (2012)]

γ* −→ γ* [J. Bartels et al. (2001) →]
[I. Balitsky, G.A. Chirilli (2011)-(2013)]
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Step 1: “open” one of the integrations over the phase space of the intermediate state to
allow one parton to form a jet

xp1

~q

(xJp1, ~kJ)

quark vertex

xp1

~q

(xJp1, ~kJ)

gluon vertex

Step 2: take the convolution with the PDFs and the jet function∑
a=q,q̄

fa ⊗ (quark vertex)⊗ SJ + fg ⊗ (gluon vertex)⊗ SJ

Step 3: project onto the eigenfunctions of the LO BFKL kernel, i.e. transfer to the
(ν, n)-representation

Φ(ν, n) =

∫
d2~q

Φ(~q)

~q 2
1

π
√
2

(
~q 2)γ− n

2
(
~q ·~l

)n
, γ = iν − 1

2
, ~l 2 = 0
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Jet definition

LO: one-particle final state.

The kinematics of the produced parton a is completely fixed
by the jet kinematics.

NLO, virtual corrections: one-particle final state
(see Fig. 1). Fig. 1

Fig. 2

NLO, real corrections: two-
particle final state
(see Fig. 2).
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The Impact Factor in the LLA

The starting point is given by “inclusive” LO parton impact factors:

Φq = g2
√

N2 − 1
2N

, Φg =
CA

CF
Φq

Step 1: “open” the integration over the one-particle final state, i.e. introduce a delta
function

xp1

~q

(xJp1, ~kJ)
xp1

~q

(xJp1, ~kJ)

Step 2: take the convolution with the PDFs and the jet function (D = 4 + 2ε)

dΦ
(0)
J (~q)

dJ
= Φq

1∫
0

dx
∫

dD−2~k δ(D−2)
(
~k − ~q

)
S(2)

J (~q; x)

×

CA

CF
fg (x) +

∑
a=q,q̄

fa(x)


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Collinear and QCD coupling counterterms

The collinear singularities which will arise in the NLA calculation are to be removed by the
renormalization of PDFs and QCD charge:

fq(x) = fq(x , µF )− αs
2π

(
1
ε̂

+ ln µ
2
F
µ2

) 1∫
x

dz
z

[
Pqq(z)fq( x

z , µF ) + Pqg (z)fg ( x
z , µF )

]
fg (x) = fg (x , µF )− αs

2π

(
1
ε̂

+ ln µ
2
F
µ2

) 1∫
x

dz
z

[
Pgq(z)fq( x

z , µF ) + Pgg (z)fg ( x
z , µF )

]

αs = αs (µR)

[
1 +

αs (µR)

4π

(
11CA

3
− 2NF

3

)(
1
ε̂

+ ln
µ2

R
µ2

)]

1
ε̂

=
1
ε

+ γE − ln(4π) ≈ Γ(1− ε)
ε(4π)ε
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Collinear counterterm:

dΦJ(~q )|collinear c.t.

dJ
= −αs

2π

(
1
ε̂

+ ln
µ2

F
µ2

)
Φ

(0)
q

1∫
0

dβ

1∫
0

dx S(2)
J (~q ;βx)

×

 ∑
a=q,q̄

(Pqq(β)fa (x) + Pqg (β)fg (x)) +
CA

CF

Pgg (β)fg (x) + Pgq(β)
∑

a=q,q̄
fa (x)



QCD renormalization counterterm:

dΦJ(~q )|charge c.t

dJ
=
αs

2π

(
1
ε̂

+ ln
µ2

R
µ2

)(
11CA

6
− NF

3

)
Φ

(0)
q

×
∫ 1

0
dx

CA

CF
fg (x) +

∑
a=q,q̄

fa(x)

 S(2)
J (~q; x)

In the following
dΦ

(1)
J (~q )

dJ
≡ αs

2π
Φ

(0)
q V(~q )
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Virtual corrections
xp1

~q

(xJp1, ~kJ)

+

xp1

~q

(xJp1, ~kJ)

V (V )
q (~q ) = −1

ε

Γ[1− ε]

(4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)

(
~q 2)ε ∫ 1

0
dx

∑
a=q,q̄

fa(x) S(2)
J (~q ; x)

×
[
CF

(
2
ε
− 3
)

+

(
11
6

CA −
NF

3

)
+ CAln

s0
~q 2

]
+ finite terms

QCD renormalization counterterm
dΦJ(~q )|charge c.t

dJ
=
αs

2π

(
1
ε̂

+ ln
µ2

R
µ2

)(
11CA

6
− NF

3

)
Φ

(0)
q

×
∫ 1

0
dx

CA

CF
fg (x) +

∑
a=q,q̄

fa(x)

 S(2)
J (~q; x)
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“Real” corrections: quark-gluon intermediate state
Starting point

V (R)
q (~q) =

1
(4π)ε

∫ 1

0
dx

∑
a=q,q̄

fa(x)

∫
dD−2~k
π1+ε

∫ 1

β0
dβ Pgq(ε, β)

~q 2

~k 2
(
~q − ~k

)2 (
~k − β~q

)2

×
{

CFβ
2
(
~q − ~k

)2
+ CA (1− β)~k · (~k − β~q )

}
S(3)

J

(
~q − ~k, ~k, xβ; x

)
β, 1− β and ~k, ~q − ~k: relative longitudinal and transverse momenta of the gluon, quark

term proportional to CF

V (R)(CF )
q (~q) = CF

Γ[1− ε]

ε (4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)
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)

S(2)
J (~q ; x)

+
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(4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)

(
~q 2)ε ∫ 1
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Collinear counterterm
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(
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
 ∑
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


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CF
S(2)

J (~q; xβ)

+
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Virtual corrections

xp1

~q

(xJp1, ~kJ)

+

xp1

~q

(xJp1, ~kJ)

V (V )
g (~q) = −Γ[1− ε]

ε (4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)

(
~q 2)ε ∫ 1

0
dx

CA

CF
fg (x) S(2)

J (~q ; x)

×
[(

NF

3
− 11

6
CA

)
+ CA

(
ln
(

s0
~q 2

)
+

2
ε

)]
+ finite terms

QCD renormalization counterterm
dΦJ(~q )|charge c.t

dJ
=
αs

2π

(
1
ε̂

+ ln
µ2

R
µ2

)(
11CA

6
− NF

3

)
Φ

(0)
q

×
∫ 1

0
dx

CA

CF
fg (x) +

∑
a=q,q̄

fa(x)

 S(2)
J (~q; x)/
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“Real” corrections
Starting point (TR = 1/2)

quark-antiquark intermediate state:

V (Rqq̄ )
g (~q ) =

NF

(4π)ε

∫ 1

0
dx

CA

CF
fg (x)

∫ 1

0
dβ
∫

dD−2~k
π1+ε

~q 2

~k 2(~k − ~q )2
×TR

(
1− 2β (1− β)

1 + ε

)

×
[

CF

CA
+
β(1− β)~k · (~q − ~k)

(~k − β~q )2

]
S(3)

J (~q − ~k, ~k, xβ; x) ,

β, 1−β and ~k, ~q−~k: relative longitudinal and transverse momenta of the quark, antiquark

two-gluon intermediate state:

V (Rgg )
g (~q ) =

CA

(4π)ε

∫ 1

0
dx

CA

CF
fg (x)

∫
dD−2~k
π1+ε

∫ 1−β0

β0
dβ

~q 2 Pgg (β)

(~k − β~q )2~k2(~k − ~q)2

×
{
β2(~k − ~q )2 + (1− β)2~k2 − β(1− β)~k · (~q − ~k)

}
S(3)

J (~q − ~k, ~k, xβ; x)

where Pgg (β) = P (β) + P (1− β), with P (β) =
(

1
β

+ β
2

)
(1− β)

β, 1− β and ~k, ~q − ~k: relative longitudinal and transverse momenta of the two gluons
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How the divergences disappear

QCD ren. counterterm Collinear counterterm

Virtual corrections Real corrections

∝ 1
ε
CA ln

(
s0
~q 2

)

After the projection onto the eigenfunctions of the LO BFKL
kernel

[F. Caporale, D.Yu. Ivanov, B. M., A. Papa, A. Perri, (2012)]
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Summary I

We have recalculated, completely within the original BFKL approach at the next-to-leading
order, the jet vertex relevant for the production of Mueller-Navelet jets in proton collisions.

It has been shown that the result is free of divergences.
An essential role has been played by the projection onto LO BFKL eigenfunctions.

The energy scale s0 remains untouched and need not be fixed at any definite value.

Fixing the s0 scale at the value suggested by J. Bartels, D. Colferai, G.P. Vacca (2003), we
find a complete agreement before the projection.
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State of the art

Observables of interest:

Differential cross section

Moments of the azimuthal decorrelation of the jets

So far...

Convolution of the NLLA Green’s function with the LO jet vertices
[A. Sabio Vera (2006)]

[A. Sabio Vera, F. Schwennsen (2007)]
[C. Marquet, C. Royon (2007)]

Full NLO calculation
[D. Colferai, F. Schwennsen, L. Szymanowski, S. Wallon (2010)]

[B. Ducloué, L. Szymanowski, S. Wallon (2012)]
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Necessary Ingredients

Small Cone Approximation (SCA): small jet cone aperture in the rapidity-azimuthal angle
plane. [D.Yu. Ivanov, A. Papa (2012)]

Easily implementable in numerical calculations.
Particularly suitable for a semi-analytical cross-check of the numerical
approaches which treat the cone size exactly.

Principle of Minimal Sensitivity (PMS): optimized method.
[P.M. Stevenson (1981)]
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Cross section

Moments of the azimuthal decorrelations

〈cos
[
n
(
φJ1 − φJ2 − π

)]
〉 ≡ Cn

C0
, Rm,n =

〈cos (m∆φ)〉
〈cos (n∆φ)〉

Cn =

∫ 2π

0
dφJ1

∫ 2π

0
dφJ2 cos

[
n
(
φJ1 − φJ2 − π

)] dσn

dJ1 dJ2

with dJi = dxJi dkJi

and

Cn =

∫ +∞

−∞
dν
(

s
s0

)ᾱs (µR )χ(n,ν)+ᾱ2
s (µR )k(1)(n,ν)

α2
s (µR) c1 (n, ν) c2 (n, ν)

×
[
1 + ᾱs (µR)

(
c(1)
1 (n, ν)

c1 (n, ν)
+

c(1)
2 (n, ν)

c2 (n, ν)

)]
with

k(1) (n, ν) = χ̄ (n, ν) +
β0

8Nc
χ (n, ν)

(
−χ (n, ν) +

10
3

+ ı
d
dν

ln
(

c1 (n, ν)

c2 (n, ν)

)
+ 2 ln

(
µ2

R
))

B. Murdaca (UNICAL) The BFKL approach for Mueller-Navelet jets September 27th, 2013 37 / 54



Outline

1 Introductory Concepts
Introduction
The Mueller-Navelet jets production process
Theoretical setup: BFKL and collinear factorization
Jet definition

2 Jet Vertex
The Impact Factor in the LLA
The Impact Factor in the NLA

Collinear and QCD coupling counterterms
Quark-initiated subprocess
Gluon-initiated subprocess
Summary

3 Cross section
State of the art
Our analysis
Some results
Summary

B. Murdaca (UNICAL) The BFKL approach for Mueller-Navelet jets September 27th, 2013 38 / 54



Kinematical settings

In order to compare our predictions with the forthcoming LHC data we fix

R = 0.5
√

s = 14 TeV and
√

s = 7 TeV

Following a CMS study [CMS Collaboration, S. Cerci, D. d’Enterria (2009)], we restrict the
rapidities of the jets to the region

3 ≤ |yJ | ≤ 5 , with steps ∆yJ = 0.5

Symmetric case:

|~kJ1 | = |~kJ2 | = 35 GeV −→ comparison with previous results.
[D. Colferai, F. Schwennsen, L. Szymanowski, S. Wallon (2010)]

[B. Ducloué, L. Szymanowski, S. Wallon (2013)]
|~kJ1 | = |~kJ2 | = 20 GeV −→ more undetected gluons radiated in the final state.
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Our analysis

We study the cross section and the azimuthal correlations versus the relative rapidity
Y = yJ1 − yJ2 .

Unavoidable terms beyond NLA depend on µR and s0, whose numerical impact can be
non-negligible =⇒ optimization needed!

PMS
We take as optimal choices for µR and s0 those values for which the physical observable under
exam exhibits the minimal sensitivity to changes of both these scales. [P.M. Stevenson (1981)]

The complete resummation of the perturbative series would not depend on µR and s0
=⇒ PMS is supposed to mimic the effect of the most relevant unknown subleading terms.

Y0 = ln
s0

|~kJ1 ||~kJ2 |
= 0, 1, 2, ... µR = N

√
|~kJ1 ||~kJ2 | N = 1, 2, 3, ...

=⇒ For each fixed value of Y we look for a stationary point in the N – Y0 plane.
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Results: |~kJ1| = |~kJ2| = 35 GeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 1 2
7 2 2
8 2 2
9 3 2

10 4 2

Values of the parameters cor-
responding to our “optimal”
values.

LLA: µ2
R = s0 = |~kJ1 ||~kJ2 |

We have found wide
regions of stability.

6 7 8 9 10 Y0.001

0.01

0.1

1

C0

LLA
NLA
LLA Colferai et al
NLA Colferai et al
with LO IF

kJ1
= kJ2

= 35 GeV

The uncertainty comes from the resolution of our grid in the N–Y0 plane.

Our predictions are compatible with previous calculations =⇒ reliability of the SCA.

[F. Caporale, D. Yu. Ivanov, B. M., A. Papa, (2013)]
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Results: |~kJ1| = |~kJ2| = 35 GeV

6 7 8 9 10 Y
0.001

0.01

0.1

C1

LLA 
NLA
LLA Colferai et al
NLA Colferai et al

kJ1
= kJ2

= 35 GeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 1 2
8 2 2

10 3 2

6 7 8 9 10 Y
0.0001

0.001

0.01

0.1

1
C2

LLA 
NLA
LLA Colferai et al
NLA Colferai et al

kJ1
= kJ2

= 35 GeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 0 1.5
8 2 2.5

10 4 4

It is possible to calculate 〈cosφ〉 and 〈cos (2φ)〉.
Our predictions are compatible with previous calculations =⇒ reliability of the SCA.

[F. Caporale, D. Yu. Ivanov, B. M., A. Papa, (2013)]
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Results: |~kJ1| = |~kJ2| = 20 GeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 1 1
7 1 1
8 2 1
9 3 1

10 3 2

We have found wide
regions of stability.

6 7 8 9 1010 Y
0.1

1

10

100

C0

LLA
NLA kJ1

= kJ2
= 20 GeV

Smaller transverse momentum =⇒ more undetected gluons =⇒ possible discrimination
between BFKL and fixed-order approach.

[F. Caporale, D. Yu. Ivanov, B. M., A. Papa, (2013)]
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Results: |~kJ1| = |~kJ2| = 20 GeV

6 7 8 9 1010 Y
0.1

1

10

C1

LLA
NLA

kJ1
= kJ2

= 20 GeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 0 1
7 0.5 1
8 1 1
9 1 1

10 1 1

6 7 8 9 1010 Y
0.01

0.1

1

10

C2

LLA
NLA

kJ1
= kJ2

= 20 GeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 1 3
7 0.5 1
8 2.5 4
9 3 5

10 3.5 3

[F. Caporale, D. Yu. Ivanov, B. M., A. Papa, (2013)]
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Results: |~kJ1| = |~kJ2| = 35 GeV,
√

s = 7 TeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 2 2
7 2 3
8 3 3
9 4 3

10 5.5 7

We have found wide
regions of stability.

With our approach we
reproduced the same
results of previous
calculations.

6 7 8 9 10 Y
1e-07

1e-06

1e-05

1e-04

1e-03

1e-02

1e-01

1

C0

LLA
NLA
LLA Ducloue et al
NLA Ducloue et al

kJ1
= kJ2

= 35 GeV

[F. Caporale, D. Yu. Ivanov, B. M., A. Papa, (2013)]
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Asymmetric case

Possible discrimination between BFKL and DGLAP

Kinematical region: ~k 2
J1
� ~k 2

J2
⇒ Collinear improvement

Modification of the BFKL kernel

K̂ ′|n, ν〉 = ᾱs(µR)χ(n, ν)|n, ν〉+ ᾱ2
s (µR)

(
χ(1)(n, ν) +

β0

4Nc
χ(n, ν) ln(µ2

R)

)
|n, ν〉

+ ᾱ2
s (µR)

β0

4Nc
χ(n, ν)

(
i
∂

∂ν

)
|n, ν〉+ χRG (n, ν) |n, ν〉

with χRG (n, ν) [A. Sabio Vera (2005)-(2006)], [A. Sabio Vera, F. Schwennsen (2007)]

the eigenvalue of the collinear contributions
O

(
α3

s
)
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Results: |~kJ1| = 20 GeV, |~kJ2| = 35 GeV

6 7 8 9 10 Y
0.01

0.1

1

10

C
0

LLA
NLA RG-improved

k
J

1

=20 GeV  k
J

2

= 35 GeV

Y Y0 µR/

√
|~kJ1 ||~kJ2 |

6 2 3
7 1 2.5
8 2 2.5
9 1.5 3

10 2.5 3

[F. Caporale, B. M., A. Sabio Vera, C. Salas, (2013)]
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0.001

0.01

0.1

1

C1

LLA 
NLA RG-improved
NLA RG-improved*

kJ1
= 20 GeV  kJ2

= 35 GeV

6 7 8 9 10 Y
0.0001

0.01

1

C2

LLA 
NLA RG-improved
NLA RG-improved*

kJ1
=20 GeV  kJ2

= 35 GeV
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Results: |~kJ1| = |~kJ2| = 35 GeV

6 7 8 9 10 Y
0.001

0.01

0.1

1

C0

LLA
Pure NLA
NLA RG-improved

kJ1
= kJ2

= 35 GeV

Small shift towards naturalness less evident than
in previous work on vector mesons [F. Caporale,
A. Papa, A. Sabio Vera (2008)]

[F. Caporale, B. M., A. Sabio Vera, C. Salas, (2013)]
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6 7 8 9 10 Y
0.0001

0.01
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0.001
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Numerical results: |~kJ1| = |~kJ2| = 35 GeV

Y C (NLA)
0 Y0 nR C (RG−improved−NLA)

0 Y0 nR
6 0.726(64) 1 2 0.733(75) 1 2
8 0.335(29) 2 2 0.347(43) 2 2

10 0.00272(56) 4 2 0.00280(91) 3 2

Y C (NLA)
1 Y0 nR C (RG−improved−NLA)

1 Y0 nR
6 0.554(62) 1 2 0.539(17) 0 1
8 0.216(19) 2 2 0.218(16) 1 2

10 0.00156(16) 3 2 0.001516(71) 2 2

Y C (NLA)
2 Y0 nR C (RG−improved−NLA)

2 Y0 nR
6 0.3320(18) 0 1.5 0.326(15) 0 1
8 0.1203(74) 2 2.5 0.116(16) 2 3

10 0.000774(69) 4 4 0.000716(43) 2 2

[F. Caporale, B. M., A. Sabio Vera, C. Salas, (2013)]
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The ideal BFKL observables: C2/C1

6 7 8 9 10 Y
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0.1

0.2

0.3

0.4

0.5

C2/C1

0.6
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NLA RG-improved I
NLA RG-improved II
NLA RG-improved III
NLA RG-improved IV

kJ1
=20 GeV  kJ2

= 35 GeV

|~kJ1 | = 20 GeV, |~kJ2 | = 35 GeV
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NLA RG-improved II
NLA RG-improved III
NLA RG-improved IV
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= 35 GeV

|~kJ1 | = |~kJ2 | = 35 GeV

[F. Caporale, B. M., A. Sabio Vera, C. Salas, (2013)]
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Summary II

We have studied the Y-dependence of the differential cross section and of the azimuthal
decorrelation of the Mueller-Navelet jets in full NLO BFKL using the jet vertex in the small
cone approximation.

We did not fix the energy scale and the argument of the running coupling
=⇒ we used an optimization method.

Our results for |~kJ1 | = |~kJ2 | = 35 GeV with
√

s = 14 TeV and
√

s = 7 TeV are compatible
with those performed by D. Colferai et al. and B. Ducloué et al., respectively.
=⇒ Confirmation of their results.
=⇒ Reliability of the small cone approximation.

We considered also smaller transverse momenta w.r.t. D. Colferai et al. −→ we expect
more discrimination between BFKL and fixed-order approach.

In asymmetric case we do not find a stability region =⇒ Collinear improvement =⇒
stability region & lower values for the optimal scales (symmetric case).
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THANK YOU!
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