
Twistor Methods in Quantum Field Theory

Sebastian Buchta

IFIC

28th of October 2010



Motivation

LHC

Sebastian Buchta Applying MHV-Methods



Overview

1 Section 1:

Recall of the basics

2 Section 2:

Pure Yang-Mills Theory

3 Section 3:

Application to the electroweak gauge boson sector

Sebastian Buchta Applying MHV-Methods



Overview

1 Section 1:

Recall of the basics

2 Section 2:

Pure Yang-Mills Theory

3 Section 3:

Application to the electroweak gauge boson sector

Sebastian Buchta Applying MHV-Methods



Overview

1 Section 1:

Recall of the basics

2 Section 2:

Pure Yang-Mills Theory

3 Section 3:

Application to the electroweak gauge boson sector

Sebastian Buchta Applying MHV-Methods



Explaining MHV

1 +

.

=

.

0

Sebastian Buchta Applying MHV-Methods



Explaining MHV

1 +

.

=

.

0

Sebastian Buchta Applying MHV-Methods



Explaining MHV

! "
#!

$ "

.

=

.

0

Sebastian Buchta Applying MHV-Methods



Explaining MHV

! "
#!

$ "

.

=

.

0

Sebastian Buchta Applying MHV-Methods



Explaining MHV

! " #$!%&"
%!

' "
$!

# $"%&"
.

=

.

0

Sebastian Buchta Applying MHV-Methods



Explaining MHV

! " #$!%&"
%!

' "
$!

# $"%&"
.

= 〈1j〉4
〈12〉〈23〉...〈n−1,n〉〈n1〉

Sebastian Buchta Applying MHV-Methods



Why bother with MHV?

CSW Construction

BCF Recursion Relation
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CSW Construction

1 Use MHV amplitudes as vertices

2 Join the vertices together, helicities + to -, using a scalar

propagator i/P2, where P is the momentum flowing between

the vertices

3 For each leg of a vertex that joins to a propagator carrying

momentum P, define its corresponding holomorphic spinor as

(λP)α = Pαα̇η̃
α̇, where η̃ is some arbitrary spinor
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CSW Construction - an example A(1+2−3−4−)
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BCF Recursion Relation

Chapter 2 Modern Perturbative Gauge Theory 34

propagator, so

1
zij

Res
z=zij

A(z) =
〈k|Pij |n]

P 2
ij

∑

±
A±L (zij) Res

z=zij

1
P 2

ij − z〈k|Pij |n]
A∓R(zij)

= −
∑

±
A±L (zij)

1
P 2

ij

A∓R(zij),

where the sub-amplitudes

A±L (zij) = A(P̂±ij (zij), j + 1, . . . , k(zij), . . . , i− 1), (2.51)

A∓R(zij) = A(−P̂∓ij (zij), i, . . . , l(zij), . . . , j), (2.52)

and all index arithmetic should be carried out cyclically. Thus we obtain the recursion
relation

A(1 · · · n) =
∑

(i,j)∈P

∑

±
A(P̂±ij (zij), j + 1, . . . , k(zij), . . . , i− 1)

× 1
P 2

ij

A(−P̂±ij (zij), i, . . . , l(zij), . . . , j), (2.53)

where P is the set of all partitions into two of ranges of external lines that include line
l. This may be described schematically by the diagram of fig. 2.6.

A(1 · · · n) =
∑

(i,j)∈P

∑

±
AL AR

P̂ij(zij)

∓±

i

j

i− 1

j + 1

k̂ l̂ ×
1

P 2
ij

Figure 2.6: Mnemonic diagram illustrating the terms of the BCF construction. Index
arithmetic should be carried out cyclically. All external momenta are out-going.

What remains is to prove that for Yang–Mills theory A(z) vanishes as |z| → 0. In
ref. [18], the authors use the CSW construction (discussed in section 2.4) to prove this,
and we reproduce this reasoning here. First, we recall the possible choices of helicity
for the gluons k and l as outline above. We can restrict the analysis to the case where
gluon l has + helicity; the case where gluon k is of − helicity can be treated by the same
reasoning but using the conjugate CSW construction with MHV vertices.

Now a general CSW tree graph consists of a number of MHV vertices continued
off shell by the CSW prescription, multiplied by a number of propagators. Under the
momentum shifts, a subset of these propagators may be shifted such that they vanish
as |z| → ∞. Now in the CSW prescription, one defines the holomorphic spinor of a
propagator’s momentum by (λP )α = (P̂ij)αα̇η̃α̇, where η̃ is some arbitrary spinor. But
we know that P̂ij = Pij + zλkλ̃l, so if we pick η̃ = λ̃l, λP will be independent of z.
Thus, all MHV vertices that connect to it will be z independent, except for the vertex
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Reducing power

Method Number of diagrams

Ordinary Feynman Approach 220

Colour Ordering 36

MHV-Vertices 6

BCF-Recursion 2

Table: # of diagrams that contribute to A6(1−, 2−, 3−, 4+, 5+, 6+).
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Limitations

Holds only on tree level

No corresponding formula for loops
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Final aim

Electroweak Gauge

Boson Sector
2←

Transformation

on MHV-

Lagrangian

1→
Pure Yang-Mills

Sector
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How to transform on MHV?

1 Take the action of the considered theory

2 Transform to light cone coordinates

3 Integrate out redundant degrees of freedom

4 Eliminate non-MHV vertices via a canonical transformation of

fields → master equation

5 Solve it via a power series expansion

6 Extract a recursion relation and solve it

7 Assemble the pieces and obtain the MHV-Lagrangian
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Step 1: Action

S =
1

2g 2

∫
d4x trFµνFµν

with Fµν = ∂µAν − ∂νAµ + [Aµ,Aν ]

and Aµ = −igAa
µT a
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Step 2: Light cone coordinates

x+ =
1√
2

(
t − x3

)
x− =

1√
2

(
t + x3

)

x =
1√
2

(
x1 + ix2

)
x =

1√
2

(
x1 − ix2

)

Lightcone gauge: µ · A = A− = 0

L = L2 + L3 + L4
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Step 3: Integrating Out

S =
4

g 2

∫
dx0

(
L+− + L−++ + L−−+ + L−−++

)

L+− =tr

∫
d3xĀ

(
∂∂̄ − ∂+∂−

)
A

L−++ =− tr

∫
d3x

(
∂̄∂−1
− A

)
[A, ∂−Ā]

L−−+ =− tr

∫
d3x [Ā, ∂−A]

(
∂∂−1
− Ā

)

L−−++ =− tr

∫
[Ā, ∂−A]∂−2

− [A, ∂−Ā]
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[Ā, ∂−A]∂−2

− [A, ∂−Ā]

Sebastian Buchta Applying MHV-Methods



Step 4: Eliminate non MHV vertex

L−+[A, Ā] + L−++[A, Ā]
!

= L−+[B, B̄]

using a canonical transformation
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L−+[A, Ā] + L−++[A, Ā]
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Why canonical?

Technically easier to solve the master equation

Canonical transformations leave the dynamics of the physical

system untouched
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Step 5: Power series expansion

A(x) =
∞∑

n=2

∫
d3x1 . . . d

3xnΥ(x, x1, . . . , xn)B(x1) . . .B(xn)

Calculation in momentum space
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Step 6: Recursion Relation

Solve it order by order

Υ(p1, . . . ,pn) =

(√
2g
)n−1

〈p1p2〉 . . . 〈pn−1pn〉
p−1 + · · ·+ p−n√

p−1 pn

Proof by induction
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Step 7: Assemble the pieces

Missing:

Transformation of the negative helicity fields

Explicit calculation of the vertex function

James Ettle: MHV Lagrangians for Yang Mills and QCD
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Electroweak gauge boson sector

S =
1

2g 2

∫
d4x trWµνWµν +

1

2g ′2

∫
d4x trBµνBµν

+

∫
d4x (Dµφ)†Dµφ−

∫
d4x m2φ†φ+

∫
d4x

λ

4

(
φ†φ
)2

with

φ(x) = φ0 + φ′(x)
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Complications due to SSB

Necessity to rework the integrating out procedure

Field φ has spin 0

Coupling of gauge bosons to scalars

Shift of the miminum of the Higgs potential
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Integrating Out

Theorem

Let F be the space of all smooth functions that vanish at infinity.

Let G be all constant functions and F . Furthermore φ′(x) ∈ F and

φ(x) ∈ G.

Possible∫
dxφ′1∂φ

′
2 = −

∫
dx∂φ′1φ

′
2

Impossible
∫

dxφ1∂φ2 6= −
∫

dx∂φ1φ2
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Spin-0-problem

Count φ as “+” and φ† as “-”.
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Spin-0-problem

Count φ as “+” and φ† as “-”.
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Gauge Boson Scalar Coupling

Consider the coupling terms in L−−+.

These have the rough structure Wφφ =W(φ0 + φ′)(φ0 + φ′).

.

.

.

W,B H
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Shift of the minimum of the Higgs potential

Consider the 4φ terms in L−−++. (φ
↔
∂ψ := φ∂ψ − ∂φψ)

1

4

(
g 2 − g ′2

)
∂−1
−

(
φ†
↔
∂−φ

)
∂−1
−

(
φ†
↔
∂−φ

)
and

−g 2

2
Tr∂−1
−

(
φ
↔
∂−φ†

)
∂−1
−

(
φ
↔
∂−φ†

)
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Shift of the minimum of the Higgs potential
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1

4

(
g 2 − g ′2

)
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−

(
φ†
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∂−φ

)
∂−1
−

(
φ†
↔
∂−φ

)
and

−g 2

2
Tr∂−1
−

(
φ
↔
∂−φ†

)
∂−1
−

(
φ
↔
∂−φ†

)

Sebastian Buchta Applying MHV-Methods



Shift of the minimum of the Higgs potential

∂−1
−
(
φ†0∂−φ

′ + φ′†∂−φ′ − ∂−φ′†φ0 − ∂−φ′†φ′
)

=
[
φ†0φ

′ − φ′†φ0

]
+ ∂−1
−
[
φ′†∂−φ′ − ∂−φ′†φ′

]
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Assembling the pieces

LEM =Lkin + L+ Lφ̄φ + Lφ̄φφ̄φ + Lµ + Lφ̄0φ
+ Lφ̄φ0

+ Lφ̄0φ0

+Lφ̄0φφ̄φ
+ Lφ̄φφ̄φ0

+ Lφ̄0φφ̄φ0
+ Lφ̄0φφ̄0φ

+ Lφ̄φ0φ̄φ0
+ Lφ̄φφ̄0φ0

Lφ̄φ =
∞∑

n=3

n−1∑

j=2

∫

(1,...,n)

dP(x)βj(p1, . . . , pn)φ̃†(p1)Ṽ (p2) . . . Ṽ (pj−1)×

×Ṽ (pj)Ṽ (pj+1) . . . Ṽ (pn−1)φ̃(pn)

βj(p1, . . . , pn) = −
(

i
√

2
)n−2 〈p1pj〉2〈pjpn〉2

〈p1p2〉〈p2p3〉 . . . 〈pn−1pn〉〈pnp1〉
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∫

(1,...,n)

dP(x)βj(p1, . . . , pn)φ̃†(p1)Ṽ (p2) . . . Ṽ (pj−1)×

×Ṽ (pj)Ṽ (pj+1) . . . Ṽ (pn−1)φ̃(pn)

βj(p1, . . . , pn) = −
(

i
√

2
)n−2 〈p1pj〉2〈pjpn〉2

〈p1p2〉〈p2p3〉 . . . 〈pn−1pn〉〈pnp1〉
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Summary

Scatterning amplitudes are calculated efficiently via MHV

We know a prescription to bring gauge theories into MHV

form

But:

We have to adress the caracteristics of the desired theory
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∫
DφDΨ exp

∫
d4x ik{tr[ 1

2φ∆−1φ+ Kφ]}
φ→ φ′ = φ+ ∆K ⇒ φ = φ′ −∆K∫

DφDΨ exp

∫
d4x ik{tr[

1

2
(φ′ −∆K )∆−1(φ′ −∆K ) + K (φ′ −∆K )]}

=

∫
DφDΨ exp

∫
d4x ik{tr[

1

2
(φ′∆−1φ′ − φ∆−1∆K −∆K ∆−1φ′+

+ ∆K ∆−1∆K ) + Kφ′ − K ∆K ]}

=

∫
DφDΨ exp

∫
d4x ik{tr[

1

2
φ′∆−1φ′ − 1

2
φ′K − 1

2
∆K ∆−1φ′+

+
1

2
∆K · K + Kφ′ − K ∆K ]}

=

∫
DφDΨ exp

∫
d4x ik{tr[

1

2
φ′∆−1φ′ +

1

2
φ′K − 1

2
∆K ∆−1φ′ − 1

2
K ∆K ]}

=

∫
DφDΨ exp

∫
d4x ik{tr[

1

2
φ′∆−1φ′ +

1

2
φ′K − 1

2
Kφ′ − 1

2
K ∆K ]}

=

∫
DφDΨ exp

∫
d4x ik{tr[

1

2
φ′∆−1φ′ − 1

2
K ∆K ]}
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Mapping q = (q1 . . . qn), p = (p1 . . . pn)→ Q = (Q1 . . .Qn),

P = (P1 . . .Pn). p, P are the canonical momenta.

(
q̇

ṗ

)
=

(
0 +1

−1 0

)(
∂H
∂q
∂H
∂p

)
↔
(

Q̇

Ṗ

)
=

(
0 +1

−1 0

)(
∂K
∂Q
∂P
∂P

)

Action has to be stationary:

δ

t2∫

t1

(
q̇ipi − H

)
dt = 0

δ

t2∫

t1

(
Q̇ iPi − K

)
dt = 0

The above equations may only differ by a total derivative:

q̇ipi − H = Q̇ iPi − K +
dM

dt
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M generating function.

M(q,P) = f i (q)Pi − Q iPi

Calculate derivative with respect to time:

dM

dt
= q̇i ∂f j

∂qi
Pj + f i (q)Ṗi − Q̇ iPi − Q i Ṗi

Plug in:

q̇ipi − H = −K + q̇i ∂f j

∂qi
Pj + f i (q)Ṗi − Q i Ṗi

Compare coefficients

H =K

f i (q) =Q i

⇒ pi =
∂f j

∂qi
Pj =

∂Q j

∂qi
Pj
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