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Outline

Jets in Quantum Chromodynamics:
production of jets → problems
Feynman diagrams, probabilistic interpretation of cascading processes
infrared and collinear singularities → some resummation approaches in
pQCD
coherence effects and some tools in pQCD

Results
Single inclusive differential one-particle distribution as a function of k⊥

dσ
d ln k⊥

in MLLA and Next-to-MLLA; comparison with CDF p-p data

Gluon to quark multiplicity ratio in a sub-jet with jet axis from color
current
Two-particle correlations, comparison with OPAL e+e− data

Conclusions
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Part I

Jets in Quantum Chromodynamics
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Production of jets

Partonic cascade: traited in pQCD

planar gauge: tree amplitudes ⇒
parton shower picture
(probabilistic interpretation)

Hadronization: advocates for Local
Parton Hadron Duality Hypothesis
(LPHD)

partonic distributions ' hadronic
distributions: factor Kch

“limiting spectrum:” Q0 ∼ ΛQCD
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Problems

αs(Q
2 → Λ2

QCD) → ∞

Infrared and collinear singularities ⇒ problems on the convergence of
the resumed series through their large logarithmic contributions

Hadronization (Local Parton Hadron Duality)
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Jet calculus approach: “parton shower picture”

• Exclusive Processes: resummation of all Feynman digrams at a given
order in αs

• Inclusive processes (jet calculus): resummation of all leading, sub-leading
logarithmic contributions (. . . ) coming from the emission of soft and/or
collinear gluons in jets: “planar gauge” ⇒

amplitude:
Θ ΘΘ1 2 3

Θ ΘΘ 321 > >

“probabilistic branching
processes”
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Infrared and collinear singularites

Q

jetE

Eg

Θ
Θ ΘΘ1 2 3

Θ ΘΘ 321 > >

collinear singularities: Θ → Θmin ⇒ divergence in log Θ ⇒
resummation over all collinear logs: Θ > Θmin = Q0/Eg

infrared singularities: energy of the gluon � energy of the parent
⇒ log(1/x); with x = Eg/Ejet � 1 (energy fraction of the jet carried
away by one parton)

in general: infrared + collinear

condition of “Angular Ordering”⇔”k⊥-ordering” in DGLAP evolution
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Resummation schemes

DLA: αs log(1/x)log Θ (αs log2 ∼ 1 ⇒ log ∼ α
−1/2
s ): resummation of

soft and collinear gluons
main ingredient to the estimation of inclusive observables in jets
neglects the energy balance

Single Logs (SL): αs log Θ
collinear splittings (i.e. FO approach or LLA of FFs, PDFs at large
x ∼ 1. . . )
running of αs(k⊥ → Q0) . . . “ ⇒ β × αn

s logn Θ”

MLLA: αs loglog
︸ ︷︷ ︸

O(1)

+ αs log
︸ ︷︷ ︸

O(
√

αs )

: the SL corrections to DLA

“restore” the energy balance
take into account the running of αs(k⊥)

Next-to-MLLA: αs loglog
︸ ︷︷ ︸

O(1)

+ αs log
︸ ︷︷ ︸

O(
√

αs)

+αs loglog−1

︸ ︷︷ ︸

O(αs )

improve the restoration of the energie balance
and allow to increase the range in “x” (k⊥ ≈ xEjetΘ)
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Some tools in pQCD

Exact solution of approached integro-differential equations: MLLA
evolution equations at x � 1

for the one-particle inclusive distributions: D = δ
δu

Z (u)

for n-particle correlations (iterative solutions): D(n) = δn

δu1...δun
Z (u)

From ∂n

∂un over Z → MLLA Master Equation:

B

h

Θ
Θ

C

0 E

zE

(1 − z)E

 xE

A = (Q, G)

d

d lnΘ
ZA (p,Θ; {u}) =

1

2

∑

B,C

∫ 1

0
dz Φ

B[C ]
A (z)

αs

(
k2
⊥
)

π
(

ZB

(
zp,Θ; {u}

)
ZC

(
(1 − z)p,Θ; {u}

)
− ZA

(
p,Θ; {u}

))
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Solution of Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
partonic evolution equations in Mellin’s space (valid for x ∼ 1) (we
use it in certain integrals)

d
d ln Q2 D(x ,Q2) =

∫ 1

x
dz
z

αs(Q
2)

2π Φ(z)D
(

x
z
,Q2

)

D(j ,Q2)
︸ ︷︷ ︸

Known!

=
∫ 1

x
dx x j−1D(x ,Q2)

Derivatives dn

djn
D(j ,Q2) =

∫ 1
x

dx x j−1 lnn x D(x ,Q2), n = 1, 2,. . .
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Part II

Main results
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Charged hadrons distribution (k⊥) in MLLA and NMLLA

Single inclusive differential one-particle distribution as a function of
k⊥

dσ
d ln k⊥

in MLLA and Next-to-MLLA

MLLA and NMLLA predictions in the “limiting spectrum”
(Q0 = ΛQCD)

and beyond “Q0 6= ΛQCD”: prediction for different masses of charged
hadrons

Measured by CDF in pp → h + X collisions:

(
dσ

d ln k⊥

)h

︸ ︷︷ ︸

measured

= ω

(
dσ

d ln k⊥

)

g
︸ ︷︷ ︸

?

+(1 − ω)

(
dσ

d ln k⊥

)

q
︸ ︷︷ ︸

?
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The process

DA 0
D

Θ0
hA
A

xE

h

(Jet Axis)

Θ
A 0 E uEA

Collision

k

Angle d’ouverture du jet

Parton initiant le jet Etat vituel (u~1)

Angle de production de h(Θ <  Θ   )0

= xE Θ > Q0

(
dσ

d ln k⊥

)

g or q
︸ ︷︷ ︸

Measurable!

=

∫

dx

(
d2σ

dx d ln k⊥

)

g or q

where
(

d2σ

dx d ln k⊥

)

A0

=
d

d ln k⊥

∑

A

∫ 1

x

duDA
A0

(u,EΘ0, uEΘ)Dh
A

(x

u
, uEΘ,Q0

)

⇒ valid ∀ x < u and dominated by u ∼ 1!!
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Small x (x � 1) approximation ⇒ analytical results

DA
A0

(u = O(1) . . .): DGLAP; Dh
A(x

u
� 1 . . .): (N)MLLA

Perturbative Parameter of the expansion, kinematics and variables:

γ2
0 ' αs (`+ y ); ` = ln (1/x), y = ln (k⊥/Λ), k⊥ ≈ xEΘ

Double differential inclusive cross section:

(
d2σ
d`dy

)

A0

x�1≈ d
dy

[

< C >A0
(`, y)D̃h

g (`, y)
]

< C >A0(`, y) ' c0(`, y)×1+ c1(`, y)×√
αs + c2(`, y)×αs +O(α

3/2
s ):

color current (varying color factor): evolution of the jet between Θ0

and Θ.

D̃h
g (`, y): ((N)MLLA evolution equations) describes the hump-backed

plateau in the limit Q � Q0 ∼ ΛQCD (limiting spectrum)
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Reminder

Hump-backed plateau: D̃h ≡ Kch × 1

σ

dσ

d ln (1/x)
at Z 0 peak, Q = 91.2

GeV

 0

 1

 2

 3

 4

 5

 6

 7

 0  1  2  3  4  5  6

D

ln(1/x)

MLLA limiting spectrum

OPAL data

Q � Q0 ∼ ΛQCD ≈ m(π±) = 230 MeV, γ0 ≈ 0.5, good agreement
though!
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“Next-to-MLLA” ev. eq. for the single inclusive spectrum

D̃h
g (`, y)

︸ ︷︷ ︸

gluon jet

= δ(`) +

∫ `

0

d`′
∫ y

0

dy ′γ2
0(`′ + y ′)

[

1
︸︷︷︸

DLA

− (a1 + a2 ψ`(`
′, y ′)) δ(`′ − `)

]

× D̃h
g (`′, y ′)

D̃h
q (`, y)

︸ ︷︷ ︸

quark jet

= δ(`) +
CF

Nc

. . . D̃h
g (`′, y ′) . . . ` = ln(1/x)

︸ ︷︷ ︸

infrared

, y = ln(k⊥/Λ)
︸ ︷︷ ︸

collinear

DLA term: ∝ O(1)

hard single logs: ∝ a1 ∼ O(
√
αs) & ∝ a2(ψ` = ∂Dh

∂` ) ∼ O(αs)

D̃h
g = (`+ y)

∫∫
dωdν
(2πi)2

eω`eνy
∫ ∞
0

ds
ν+s

(
ω(ν+s)
(ω+s)ν

)σ0
(

ν
ν+s

)σ1+σ2

e−σ3 s

σ0 = 1
β0(ω−ν) , σ1 = a1

β0
, σ2 = − a2

β0
(ω − ν), σ3 = − a2

β0
+ λ

D̃h
q ' CF

Nc

(
1 + r1

√
αs + r2αs

)
D̃h

g
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Color current < C >A0
(`, y) at Q = 155 GeV (CDF)

Gluon Quark

 0.5

 1
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 2.5

 3

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

<
C

>
G

y

Y=6.4

LO, l = 2.2

MLLA, l = 2.2

NMLLA, l = 2.2
 0.9

 1

 1.1
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 1.5

 1.6

 1.7

 1.8

 1.9

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

<
C

>
Q

y

Y=6.4

LO, l=2.2

MLLA, l=2.2

NMLLA, l=2.2

NMLLA sources: < C >A0
= O(αs) and d

dy
< C >A0

= O(αs)

dσ
dy

(y) =
∫

d`
(

d2σ
d`dy

)

≡
∫

d` d
dy

[

< C >A0
(`, y)D̃h

g (`, y)
]

comes

now!
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Limitations of the method⇒ranges of validity in MLLA

and NMLLA

2 contradictory conditions should be simultaneously satisfied: x � 1
and αs(k⊥ ≈ xEΘ) � 1

At too large k⊥, the small x approximation fails (k⊥ ≈ xEΘ) because
of positivity problems ⇒ ∃k⊥max

= f (Q) (NMLLA>MLLA).

When k⊥ → ΛQCD , the perturbative expansion fails (αs(k⊥) → ∞)

k⊥ > k⊥min ⇒ y = ln
(

k⊥
Λ

)
> 1.4 ⇔ k⊥ > 1 GeV

⇒ ∃ range of validity: k⊥min ≤ k⊥ ≤ k⊥max (NMLLA>MLLA) which
increases when energy scale increases.

→ LHC will supply tests of pQCD in a much larger domain of k⊥ than the
Tevatron.
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Comparison of the CDF data with predictions for dσ

d ln k⊥

/1GeV/c)Tln(k
-0.5 0 0.5 1 1.5 2 2.5

)
T

1/
N

’ d
N

/d
ln

(k

-310

-210

-110

1

CDF Run II

Total Uncertainty

MLLA (Perez/Machet)
NMLLA (Arleo/Perez/Machet)

=74*0.5=37 GeVcθ
jet

Q=E

)<0.0 (N’)TNormalized to bin:-0.2<ln(k

/1GeV/c)Tln(k
-0.5 0 0.5 1 1.5 2 2.5 3

)
T

1/
N

’ d
N

/d
ln

(k

-310

-210

-110

1

CDF Run II

Total Uncertainty

MLLA (Perez/Machet)
NMLLA (Arleo/Perez/Machet)

=180*0.5=90 GeVcθ
jet

Q=E

)<0.0 (N’)TNormalized to bin:-0.2<ln(k

CDF data in very good agreement with NMLLA expectations

range of validity enlarged at NMLLA

References:

Aaltonen et al., CDF Collab; Phys. Rev. Lett. 102 (2009) 232002
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Beyond the limiting spectrum

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0 1 2 3 4

Y = 6.4

l = 2

λ = 0.0

λ = 0.2

λ = 0.5

λ = 1.0

y

δ 
〈C

〉 Q
 N

M
LL

A
-M

LL
A
 ⁄ 

〈C
〉 Q

 M
LL

A

10
-3

10
-2

10
-1

1

0 1 2 3

λ = 0

λ = 0.5

λ = 1ΛQCD = 250 MeV

Q = 119 GeV

NMLLA

normalized to bin: ln(k⊥ )=-0.1 (N’)

CDF preliminary

ln (k⊥  / 1GeV)

1/
N

’  
dN

 / 
d 

ln
 k

⊥

λ = ln(Q0/ΛQCD) = 0: limiting spectrum
λ = ln(Q0/ΛQCD) 6= 0: beyond

References:

Arleo, Perez-Ramos, Machet; Phys. Rev. Lett. 100 (2008) 052002
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0 1 2

NMLLA MLLA

Q=155 GeV

Q=90 GeV

Q=50 GeV

Q=27 GeV

ln (k⊥  / 1GeV)

1/
N’

  d
N 

/ d
 ln

 k ⊥

0 1 2 3

normalized to bin: ln(k⊥ )=-0.1

CDF preliminary

Q=119 GeV

Q=68 GeV

Q=37 GeV

Q=19 GeV

ln (k⊥  / 1GeV)

References:

Arleo, Perez-Ramos, Machet; Phys. Rev. Lett. 100 (2008) 052002
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Multiplicities in sub-jets with jet axis from color current

Θ0 Θ

Calorimeter

Average multiplicity (' number of particles) inside the sub-jet (or
mini-jet) of half-opening angle Θ:

N̂h
A0

(Θ0,Θ) ≈ 1
Nc
〈C 〉A0(Θ0,Θ)Nh

G (Θ); Nh
G (Θ) ' exp

(∫
γ(EΘ)dΘ

)

γ ' √
αs(1 − a1

√
αs − a2αs) from Next-to-MLLA ev. eq.

A0 = Q, 〈C 〉Q(Θ ≡ Θ0) = CF ; A0 = G , 〈C 〉G (Θ ≡ Θ0) = Nc

Ratio: r(Θ0,Θ) = NG

NQ
(Θ0,Θ) = 〈C〉G

〈C〉Q (Θ0,Θ)

r(Θ ≡ Θ0) ' Nc

CF
(1 − r1

√
αs − r2αs) from Next-to-MLLA ev. eq.
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Multiplicity ratio for jet Θ0 ∼ 1 and sub-jet Θ ≤ Θ0

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 3  4  5  6  7  8

N
G

/N
Q

YΘ

NMLLA
E=50 GeV

E=100 GeV
E=1000 GeV

YΘ = ln
(

EΘ
Q0

)

: unreliability for YΘ / 3 or EΘ / 5 GeV

References:

W. Ochs & R. Pérez-Ramos, Phys. Rev. D 78 (2008) 034010
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Part III

Two-Particle correlations inside quark and gluon jets
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Two-particle correlations in e
+
e
− annihilation (less

inclusive)

• Advantage: parton spectra ≈ hadron spectra (LPHD)

 Θ
Θ

 1

2  ω1

E (1−z)E

zE

 

 ω

2Θ

A

B

C

• Exact Angular Ordering: Θ ≥ Θ1 ≥ Θ2

G (2),Q(2)(ω1, ω2) ≡ ω1ω2
d2σ

dω1dω2
??

References:
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2-particle correlation evolution equations

G (2)(`1, y2) − G1(. . .)G2(. . .) =

∫ `1

0
d`

∫ y2

0
dy γ2

0

[

1
︸︷︷︸

DLA

− aδ(`− `1)
]

G (2)(`, y)

+(a − b)

∫ y2

0
dy γ2

0G (`1, y + η)G (`1 + η, y),

Q(2)(`1, y2, η)−Q1(. . .)Q2(. . .) = . . .

DLA term: ∝ 1 ⇒ O(1); MLLA corrections: ∝ a, (a − b) ⇒ O(
√
αs)

η = `2 − `1 = y1 − y2 = ln(x1/x2) > 0

Correlators: Cg =
G (2) (`1, `2,Y )

G (`1,Y ) G (`2,Y )
, Cq =

Q(2) (`1, `2,Y )

Q (`1,Y ) Q (`2,Y )

Independent of the normalization → refined test of partonic dynamics!

G ,Q: Inclusive spectrum ∝ x
dσ

dx
; G (2),Q(2): ∝ x1x2

d2σ

dx1dx2.
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Analytical Solution of the evolution equation

The normalized correlator Cg (`1, y2, η) = G (2)

G1 G2
→ 1 if independent

emission. Analytical solution at small x :

Cg − 1 =
1 − δ1 − b

(
ψ1,` + ψ2,` − [β0γ

2
0 ]

)
− [aχ` + δ2]

1 + ∆ + δ1 +
[

a
(
χ` + [β0γ

2
0 ]

)
+ δ2

]

Terms in black expressed through the logarithmic derivatives of the
inclusive spectrum,

∆ (DLA) decreases the correlation when x2 6= x1,

the solution is obtained iteratively over Cg : all the terms in red on its
r.h.s. depend on Cg and are small corrections (χ = ln Cg ),

the solution mixes O(
√
αs) (MLLA) and O(αs) (Next-to-MLLA)

corrections.
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Fong and Webber approximation (from 1990)
Fong and Webber approximation ln(1/x)max = Y /2 ≡ 1

2 ln(Q/ΛQCD):

G (`i ,Y ) ' exp

[

−(`i − Y /2)2

Y 3/2

]

Cg (`1, `2,Y ) ≈ 1 +

1 −
(

5b − 3b
`1 + `2

Y

)

γ0

3 + 9

(
`1 − `2

Y

)2

−
(

2β0 + 5a − 3a
`1 + `2

Y

)

γ0

expanded in 1 + γ0(∼
√
αs):

CFW
g ≈ 4

3
−

(
`1−`2

Y

)2

−
[
5

3

(

b− 1

3
a

)

− 2

9
β0−

(

b− 1

3
a

)(
`1+`2

Y

)]

γ0

References:

C.P. Fong & B.R. Webber, Phys. Lett. B 241 (1990) 255, Nucl. Phys. B 355 (1991) 54
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Comparison with the OPAL data & Fong-Webber curves
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Conclusions

Very good agreement between NMLLA predictions and the CDF data
in a broader k⊥ range than in MLLA

NMLLA→MLLA asymptotically

Further test of LPHD hypothesis (partons roughly behave as hadrons)
pQCD successfully predicts the shape of 1

σ
dσ

d ln k⊥

also confirmed for multiplicities, multiplicity correlators (KNO problems
where an analogous set of NMLLA corrections was included!),
hump-backed plateau

Limiting spectrum proves once again to be the most successful to
describing the data

The gluon to quark average multiplicity ratio inside a sub-jet follows
the same trend as that inside a jet (full event) but suffers a variation
of ≈20% from the color current (not measured yet)

Better description of the OPAL data for 2-particle correlations; non
trivial hadronization effects show up for less inclusive observables.
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