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Abstract

Accurate measurements of K, D and B meson mixing amplitudes provide stringent constraints in the Unitary Tri-
angle analysis, as well as useful bounds on New Physics scales. Lattice QCD provides a non perturbative tool to
compute the hadronic matrix elements entering in the effective weak Hamiltonian, with errors at a few percent level
and systematic uncertainties under control. I review recent lattice results for these hadronic matrix element performed
with N f = 2, N f = 2 + 1 and N f = 2 + 1 + 1 dynamical sea quarks.
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1. Introduction

The mixing of neutral pseudoscalar mesons plays an
important role in the understanding of the physics of
CP-violation in the Standard Model (SM) and in provid-
ing important constraints on theories Beyond Standard
Model (BSM). In the SM, the effective weak Hamilto-
nian of neutral meson oscillations receives contribution
only from the vector-axial local operator

Q1 =
[
h̄aγµ(1 − γ5)qa

] [
h̄bγµ(1 − γ5)qb

]
(1)

where h = b, c, s denotes a bottom, charm or strange
quark and q = d, s, u denotes a light quark (down,
strange or up). For neutral K and B(s) mesons the
hadronic matrix element of Q1 is the dominant contri-
bution for SM predictions of the corresponding mixing
observables, εK and ∆Md(s) respectively.

The experimental observable quantity εK is related to
the matrix element of Q1 between a kaon and an anti-
kaon state through

εK = κε
G2

F f 2
K MK M2

W

6
√

2π2∆MK
B̂K |Vcb|

2|Vus|
2η̄

×
[
−η1S cc

(
1 − λ2/2

)
+η2S tt |Vcb|

2λ2(1 − ρ̄)+η3S ct

]
(2)

where S cc, S tt and S ct are the Inami-Lim functions giv-
ing the charm, top and charm-top contributions to the

box diagram and ηi contain the short distance QCD con-
tributions. Explicit expressions for ηi at leading order
can be found in [1, 2, 3]. Recently, η1 and η3 have been
calculated at NLL [4, 5]. The Renormalization Group
Invariant (RGI) B̂K parameter in Eq.(2) is defined at
NLL by

B̂K =

(
αs(µ)

4π

)−γ0/2β0
[
1 +

αs(µ)
4π

J
]

BK(µ) (3)

where γ0 and J are the anomalous dimension at one
and two loops [6], respectively. The BK(µ) parameter
parametrizes the deviation of the hadronic matrix ele-
ment from the Vaccum Insertion Approximation (VIA)
estimate

〈K
0
|Q1(µ)|K0〉≡〈K

0
|Q1(µ)|K0〉VIABK(µ)=

8
3

f 2
K M2

K BK(µ)
(4)

Eq.(2) defines an hyperbola in the (ρ̄, η̄) plane of the
Unitary Triangle which can be used to (over)-constrain
the upper vertex.

In the case B-mesons, the SM prediction for the mass
difference of neutral Bq-meson, q = s, d, is given by

∆MBq =
G2

F M2
W

6π2 ηBS t MBq|VtbV∗tq|
2 f 2

BqB̂Bq (5)

It is interesting to consider the SU(3)-breaking ratio ξ
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defined by

ξ =
fBs
√

BBs

fBd
√

BBd
(6)

Its value combined with the experimental measurement
of the mass differences for the BBs and BBd mesons de-
termine the ratio |Vts/Vtd |, which provides a constraint
in the UT

∆MBs

∆MBd
=

∣∣∣∣∣Vts

Vtd

∣∣∣∣∣2 MBs

MBd
ξ2 (7)

For the D-meson mixing long-distance effects com-
ing from the insertion of two effective ∆C = 1 opera-
tors dominate over the SM short distance contributions.
However, it is still possible to put significant constraints
on the New Physics (NP) parameter space and discrimi-
nate between BSM theories by considering the complete
basis of local ∆C = 2 operators.

In BSM theories, addition local four-fermion opera-
tors can contribute. The most general ∆F = 2 effective
hamiltonian, with F = S ,C, B, can be written in terms
of five operators

H∆F=2
eff =

5∑
i=1

Ci(µ)Qi(µ), (8)

where Ci are the Wilson coefficients which encode the
short distance contributions and µ is the renormalization
scale. The operators Qi, in the so-called SUSY basis,
are1

Q1 =
[
h̄aγµ(1 − γ5)qa

] [
h̄bγµ(1 − γ5)qb

]
Q2 =

[
h̄a(1 − γ5)qa

] [
h̄b(1 − γ5)qb

]
Q3 =

[
h̄a(1 − γ5)qb

] [
h̄b(1 − γ5)qa

]
Q4 =

[
h̄a(1 − γ5)qa

] [
h̄b(1 + γ5)qb

]
Q5 =

[
h̄a(1 − γ5)qb

] [
h̄b(1 + γ5)qa

]
.

(9)

The long-distance contributions are described by the
matrix elements of the renormalized four-fermion op-
erators. The renormalized bag parameters, Bi (i =

1, ..., 5), provide the value of four-fermion matrix ele-
ments in units of the deviation from their vacuum inser-
tion approximation. They are defined as

〈P
0
|Q1(µ)|P0〉 = C1B1(µ)m2

P f 2
P ,

〈P
0
|Qi(µ)|P0〉 = CiBi(µ)m2

P f 2
P

m2
P(

mh(µ) + mq(µ)
)2 ,

(10)

1The complete basis contains three additional operators Q̃1−3 ob-
tained from Q1−3 with the exchange of (1 − γ5) ↔ (1 + γ5). The
parity-even parts of the operators Q̃i, which is the only one contribut-
ing in strong interactions, coincide with those of the operators Qi.
Therefore, only the operators Qi need to be considered.

where Ci = 8/3,−5/3, 1/3, 2, 2/3, i = 1, .., 5. |P0〉 is
the pseudoscalar, K, D or B state, mP and fP are the
pseudoscalar mass and decay constant and mh and mq

are the renormalized quark masses.
In NP analysis, the computation of the relevant matrix

elements combined with the experimental observables
offers the chance to constraint the parameters appearing
in NP models. These constraints can be obtained in a
model-independent way as presented in [7, 8, 9].

1.1. Bi-parameter calculation on the lattice
Bi-parameters on the lattice are evaluated from a

three-point correlation function with the insertion of
two pseudoscalar meson fields at two time slices, t1 and
t2, and inserting the ∆F = 2 four-fermion operator at
any time slice t0 with t0 ∈ [t1, t2]. The estimate of Bi is
obtained for large time separation, i.e t1 � t0 � t2

〈P(t1)Q1(t0)P†(t2)〉
C1〈P(t1)A(t0)〉〈A†(t0)P(t2)〉

−−−−−−−→
t1�t0�t2

〈P
0
|Q1(µ)|P0〉

C1〈P
0
|A0|0〉〈0|A

†

0|P
0〉

= B1

〈P(t1)Qi(t0)P†(t2)〉
Ci〈P(t1)P(t0)〉〈P(t0)P(t2)〉

−−−−−−−→
t1�t0�t2

〈P
0
|Q1(µ)|P0〉

Ci〈P
0
|P0|0〉〈0|P

†

0|P
0〉

= Bi i > 2
(11)

whereP creates the pseudoscalar meson and P (A) is the
pseudoscalar (axial) current which satisfy 〈0|P†0|P

0〉 =

fPMP/(mh + mq) and 〈0|A†0|P
0〉 = fPMP, respectively.

A renormalization step is necessary to get the results
in the continuum limit. The four-fermion renormaliza-
tion constants for the operators Qi are the links between
the matrix elements computed on the lattice and the
ones computed on the continuum.

On the lattice, with Wilson fermions, due to the chiral
symmetry breaking, four-fermion opearators mix with
additional dimension-six four-fermion operators which
belong to a different representation of the chiral group.

The European Twisted Mass Collaboration (ETMC)
bypass this complication with the use of a mixed ac-
tion setup adopting different regularizations for the sea
and the valence quarks. In particular, as it was proposed
in [10], they introduce the Twisted Mass action for the
sea quarks while on the valence the Osterwalder-Seiler
action, a variant of the Twisted Mass action, is imple-
mented. This strategy provides a computation frame-
work without wrong chirality mixing effects and free of
O(a) discretization errors.

Staggered fermions retain a remnant chiral symme-
try but at non zero lattice spacing the taste symmetry
is broken. The mixing with other dimension-six four-
fermion operators due to the broken taste symmetry is
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usually treated via Staggered Chiral Perturbation The-
ory (SχPT ).

Domain wall fermions also preserves chiral symme-
try. However, residucal chiral symmetry breaking due
to the finite extent of the 5th dimension induces mixing
with dimension six operators, which in practice turns
out to be negligibly small [11].
2. Recent lattice BK computations

A great deal of effort has been devoted to compute BK

by different lattice collaborations using different actions
with well controlled and small O(a2) discretization er-
rors and with light quark masses in the chiral regime.
Recently, five collaboration have computed the contin-
uum limit value of BK performing unquenched simula-
tions.

TM/OS, NP renorm.,CLNf = 2+ 1+ 1 ETMC 14

Improved Stagg., PT1ℓ renorm., CLSWME 14
DWF, NP renorm., CL, m

phys
πRBC/UKQCD 13

DWF, NP renorm., no CLRBC 04
Overlap, no CLJLQCD 08
TM/OS, NP renorm.,CLETMC 10

FLAG Nf = 2

N
f
=

2

DWF, NP renorm., no CLRBC/UKQCD 07A,08
Val.DW+Sea.Stagg., NP renorm.,CLAubin 09
Improved Stagg., PT1ℓ renorm., CLSWME 10
DWF, NP renorm.,CLRBC/UKQCD 10B
Improved Wilson, NP renorm., CL, m

phys
πBMW 11

Improved Stagg., PT1ℓ renorm., CLSWME 11A
Val.DW+Sea.Stagg., NP renorm., CLLaiho 11
DWF, NP renorm., CLRBC/UKQCD 12
Improved Stagg., PT1ℓ renorm., CLSWME 13

FLAG Nf = 2 + 1

N
f
=

2
+

1

B̂K

0.850.800.750.700.65

Figure 1: Overview of lattice results for the BK parameter. Points with
white background are those included in the FLAG report while those
with yellow background are new. The black squares and grey bands
indicate the FLAG global averages while the significance of the point
colours with white background follows the FLAG colour code.

Collaboration N f B̂K
ETMC [7] 2 0.729(25)(17)
BMW [12] 2+1 0.7727(81)(84)
SWME [13] 2+1 0.7379(47)(365)
Laiho [14] 2+1 0.7628(28)(205)
RBC [15] 2+1 0.755(4)(15)
ETMC [16] 2+1+1 0.730(17)(15)
FLAG [17] 2 0.729(25)(17)
FLAG [17] 2+1 0.7661(99)

Table 1: Recent lattice results for B̂K by the various collaborations.
First error is statistical while the second one is systematic.

Fig.1 collects the B̂K results published in the last five
years by the various collaborations together with the
FLAG averages [17]. Table 1 reports the most recent
numbers published by each collaboration and the FLAG
averages.

The BMW collaboration presented the first B̂K result
at the physical point [12]. Simulations are performed

using the HEX-smeared clover-improved Wilson action
with N f = 2 + 1 dynamical sea quarks and four lat-
tice spacing in the range 0.054 fm ≤ a ≤ 0.093 fm.
Non perturbative renormalization is performed in the
RI-MOM scheme and they find that the smearing of the
link variables reduces the operator mixing induced by
chiral symmetry breaking. The BMW BK result is the
most precise result to date with a total uncertainty of
1.5% dominated by the truncation of the perturbative
NLL matching from RI-MOM to RGI or MS .

The SWME [13] uses improved staggered valence
quarks on the staggered N f = 2 + 1 AsqTad MILC
ensembles. They use four lattice spacings from 0.12
fm to 0.045 fm and minimum pion mass of 174 MeV.
The main improvement in [13] with respect [18] is the
inclusion of additional ensembles which allow a con-
trolled extrapolation in the quark masses. Taste break-
ing, which is reduced thanks to the smearing techniques,
can be incorporated in the the chiral and continuum ex-
trapolations based on SχPT ansatze. The dominant er-
ror comes from the use of one-loop perturbative renor-
malization (∼ 4%).

The Laiho and Van der Water result [14] uses a mixed
action: valence domain wall fermions over the stag-
gered N f = 2 + 1 AsqTad MILC ensembles.Three lat-
tice spacings ranging from 0.12 fm to 0.06fm and pion
masses as low as 210 MeV are used in the simulation.
Since domain wall valence quarks are used, mixing with
wrong chirality operators only occurs due to small resid-
ual chiral symmetry breaking on the lattice. The main
improvement with respect to its previous determination
[19] is the implementation of the RI-SMOM non per-
turbative renormalization scheme which suppress chi-
ral symmetry breaking and other infrared effects and
reduces the size of the one-loop perturbative coeffi-
cient responsible for the matching to the continuum MS
scheme. The largest error they report is due to the per-
turbative matching between the lattice and the contin-
uum.

The RBC/UKQCD result in [15] is obtained with
N f = 2 + 1 domain wall fermions both in the valence
and in the sea at three lattice spacings in the range [0.09:
0.14] fm. The renormalization of the four-fermion op-
erator is performed with two RI-SMOM variants where
non-exceptional momentum renormalization conditions
and twisted boundary conditions are applied. They re-
port as dominant source of error the perturbative trunca-
tion in the matching to the continuum scheme. Prelimi-
nary results with physical mass ensembles are reported
in the Lattice 2013 [20] and Lattice 2014 conferences.

ETMC adopts a mixed action setup with maxi-
mally twisted sea quarks and Osterwalder-Seiler va-
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lence quarks. ETMC has carried out the computation
working with N f = 2 dynamical sea quarks, four lat-
tice spacing in the range [0.05:0.1] fm and pion masses
as low as 270 MeV [21, 7]. Preliminary results with
N f = 2 + 1 + 1 dynamical sea quarks have been pre-
sented in the Lattice 2013 conference [22].

3. K0 − K
0

mixing beyond the Standard Model

There is a considerable recent activity concerning the
matrix elements of the complete basis of four-fermion
operators controlling the K0 − K

0
mixing. Three results

have been presented recently, two of them with N f =

2 + 1.
The SWME collaboration has published results using

improved staggered fermions [23]. Bi estimators are ex-
trapolated to the continuum from three lattice spacing
ranging down to a ∼ 0.045 fm. As in the BK publica-
tion [13], renormalization is performed perturbatively at
one loop. Compared to other lattice computations, one
particularity is the construction of ”golden combina-
tions” for the chiral extrapolations which cancel the chi-
ral logarithms at NLL. In [24] the RBC/UKQCD com-
putation using Domain Wall fermions on a single lattice
spacing is reported. An update with two lattice spac-
ings is presented in [25] and in the Lattice 2014 confer-
ence. Although the renormalization is performed in sev-
eral intermediate schemes, including non-exceptional
schemes that avoid unwanted infrared effects, only final
results obtained from the RI-MOM scheme are quoted
since only in this case the conversion factors to MS are
available for the complete set of operators.

Finally, the ETMC has published final continuum-
limit results for the complete basis of Qi operators us-
ing N f = 2 ensembles [7] as well as preliminary results
with N f = 2 + 1 + 1 ensembles [22]. The computational
setup is the same as in the BK computation and the four-
fermion renormalization constants are computed non
perturbatively in the RI-MOM scheme and converted
perturbatively to MS .

Collaboration N f B2 B3 B4 B5
ETMC [7] 2 0.47(2) 0.78(4) 0.76(3) 0.58(3)
RBC [24] 2+1 0.43(5) 0.75(9) 0.69(7) 0.47(6)
SWME [23] 2+1 0.55(3) 0.79(3) 1.03(5) 0.86(4)
ETMC [16] 2+1+1 0.46(2) 0.79(4) 0.77(4) 0.48(4)

Table 2: B2−5 for K-mixing renormalized in MS scheme of [26] at 3
GeV obtained by ETMC, RBC/UKQCD and SWME.

Fig.2 and Table 2 compare the Bi estimates obtained
by the three collaborations. As it can be seen in Fig.2,
there is a 2 − 3σ discrepancies for B4 and B5 between

SWME with respect to ETMC and RBC/UKQC. Fur-
ther investigation is needed to resolve this discrepancy.
As mentioned in [23], one possibility is that the trunca-
tion errors in the perturbative matching is larger than the
estimates.

ETMC Nf = 2 + 1 + 1

ETMC Nf = 2

Latt14 update

SWME

RBC/UKQCD

B2

0.550.500.450.40

ETMC Nf = 2 + 1 + 1

ETMC Nf = 2

Latt14 update

SWME

RBC/UKQCD

B3

0.850.800.750.700.65

ETMC Nf = 2 + 1 + 1

ETMC Nf = 2

Latt14 update

SWME

RBC/UKQCD

B4

1.051.000.950.900.850.800.750.700.650.60

ETMC Nf = 2 + 1 + 1

ETMC Nf = 2

Latt14 update

SWME

RBC/UKQCD

B5

0.900.800.700.600.500.40

Figure 2: B2−5 comparison from ETMC (green triangles), SWME
(blue circles) and RBC/UKQCD (red squares). For the SWME results,
I include the results quoted in [23] and the updated results reported at
the Lattice 2014 conference (open circles).

4. D0 − D
0

mixing beyond the Standard Model

Very little has been done concerning the calcula-
tion of the ∆C = 2 physical matrix elements with un-
quenched simulations.

The ETMC has reported on results obtained with their
N f = 2 ensembles [8] using the same lattice setup as

in the K0 − K
0

analysis [7]. Preliminary results with
N f = 2 + 1 + 1 dynamical sea quarks have been also
reported in [22]. The results are compared in Table 3.

There is also an ongoing project by FNAL/MILC re-
ported in [27] to compute the complete set of D-meson
mixing matrix elements on the N f = 2 + 1 Asqtad en-
sembles with Fermilab clover charm quarks.

N f B1 B2 B3 B4 B5
ETMC [8] 2 0.75(2) 0.66(2) 0.97(5) 0.91(4) 1.10(5)
ETMC [16] 2+1+1 0.76(4) 0.64(2) 1.02(7) 0.92(3) 0.95(5)

Table 3: B2−5 renormalized in MS scheme of [26] at 3 GeV for D-
mixing obtained by ETMC with N f = 2 and N f = 2 + 1 + 1

5. Neutral B(s) mixing in the Standard Model

For heavy quarks, discretization errors grow as
αk(amh)n with k > 0 and n > 0. With the currently
available lattice spacing (a−1 . 4 GeV) charm quarks
satisfy amc ' 0.15 so in general they can use light quark
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methods if the action is sufficiently improved. For b-
quarks, since amb & 1, they can not be simulated just
like light quarks even with the smallest lattice spacing
currently available. In order to circumvent this prob-
lem several methods have been proposed based either
on implementing an improved light quark action on the
lattice and extrapolate to the b-quark mass or in using
an effective field theory (EFT)2. To avoid O(amh) er-
rors one can discretize a continuum EFT like HQET or
NRQCD. Alternatively, the so-called relativistic heavy
quark actions (for instance the Fermilab action imple-
mented by FNAL/MILC for heavy quakrs) extend the
Symanzick improvement by allowing the coefficients to
depend explicitly on mh. As described in [28] only three
parameters (m0, η and cP) need to be tunned to remove
all discretization errors O(amh)n.

Three collaborations have presented results for the
B-meson mixing parameters in the SM using N f =

2 + 1 dynamical sea quarks. The HPQCD [29] and
FNAL/MILC [30] computations rely on the same N f =

2+1 MILC ensembles using staggered AsqTad light va-
lence quarks but while the HPQCD uses nonrelativistic
NRQCD action for valence b-quarks [31], FNAL/MILC
follows the Fermilab method for b-quarks [32]. In [29],
HPQCD presents results the quantities: BBs(d), BBs/BBd,
fBs(d)

√
BBs(d) and ξ. This computation includes two lat-

tice spacings with a ∼ 0.09, 0.12 fm and a minimum
pion mass of about 400 MeV. In [30], the FNAL/MILC
collaboration published results for the SU(3) breaking
quantities BBs/BBd and ξ. Preliminary results for the
Bs and Bd mixing quantities fBs(d)

√
BBs(d) and BBs(d) are

presented in [33]. The calculations in [30, 33] include
two lattice spacings a ∼ 0.09, 0.12 fm and pion masses
as low as 320 MeV.

Both HPQCD and FNAL/MILC calculate the oper-
ator renormalization and matching using one loop im-
proved lattice perturbation theory. This turns out to be
the dominant source of systematic uncertainty for BBs

and BBd while does not result in a significant source
of uncertainty for the SU(3) ratios where the statistical,
chiral extrapolations and ”wrong spin contributions” are
the dominant source of uncertainty.

The so-called ”wrong spin contributions”, relevant
for staggered light quarks, are introduced in [30]. They
originate from the mixing of the operator Q1 with the
operators Q2−3 induced by the interactions between dif-
ferent ”tastes”. This mixing can be accounted for in the
chiral and continuum extrapolation by performing a si-
multaneous fit of the three operators guided by the stag-

2for a detailed description of the heavy-quark methods used in lat-
tice QCD see Appendix A.1.3 of [17].

gered chiral perturbation theory proposed in [34] where
these contributions have been computed at NLL. The
”wrong spin” terms are not included in the chiral ex-
trapolations of [29, 30]. However in [30] wrong spin
contributions are treated as a systematic error and esti-
mated using the matrix elements of the Q2−3 operators
in [33]. The estimated uncertainty due to this effect in ξ
is 3% which is the dominant source of uncertainty. Up-
dates from FNAL/MILC with more ensembles, four lat-
tice spacings ranging from a ∼ 0.045 fm to a ∼ 0.12
fm, lighter pion masses and the inclusion of ”wrong
spin contributions” are reported at the Lattice 2012 [35],
2013 [27] and 2014 conferences.

Another calculation of the B-mixing quantities is pre-
sented by the RBC/UKQCD collaboration using the
static limit action [36] on N f = 2 + 1 domain wall en-
sembles. For many quantities, the corrections 1/mh are
estimated to beO(λQCD/mb) ∼ 10% and they are needed
for a precision calculation. Instead, for ratio quantities
like ξ, the static limit can be competitive since the er-
ror from the static approximation is reduced to 2%. In
[37] a result for the SU(3) breaking ratio ξ at a sin-
gle lattice spacing a ∼ 0.11 fm and with a minimum
pion mass of 430 MeV is presented. This result has
been recently updated in [38] with two lattice spacings
a ∼ 0.086, 0.11 fm and smaller pion masses ranging
from 290 to 420 MeV. The authors of [38] also calcu-
late BBs(d), fBs(d)

√
BBs(d) and BBs/BBd. For the matching

between the HQET operators onto the QCD ones, one
loop perturbative matching is implemented. The one-
loop renormalization error is estimated to be smaller
than 1% for ratio quantities and around 6% for non ratio
quantities as B-parameters. For this reason, the non-
perturbative renormalization is within the future per-
spectives announced in [38].

The ETMC has published results for BBs(d), ξ and
fBs(d)

√
BBs(d) in [9] using N f = 2 gauge configuration

ensembles. The mixed action fermionic setup in [7, 8]
is also adopted here and non perturbatively renormaliza-
tion of four-fermion operators in the RI-MOM scheme
is implemented. The extrapolation in the heavy quark
mass has been carried out following the ratio method
proposed in [39, 40], by introducing suitable ratios with
exactly known static limit and interpolating them to the
b-quark mass. In this approach, HQET-QCD perturba-
tive matching factors are only used as an intermediate
step to construct the ratios with the correct HQET scal-
ing law.

A comparison of all N f = 2 and N f = 2 + 1 results
is shown in Figs.3 and 4. Fig.3 shows a comparison of
the results for the SU(3) breaking ratios ξ and BBs/BBd

while Fig.4 collects the RGI SM B-parameters and the
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quantity fB
√

BB in MeV for Bd and Bs mesons. These
results are summarized in Tables 4 and 5. In both fig-
ures and in both tables the systematic error due to the
static approximation in the RBC computation, estimated
in 2% for ratio quantities and 10% for the rest, is not in-
cluded in the error.

BBs/BBdξ

PT1ℓ renorm., CL

PT1ℓ renorm.,CL
Stagg+Fermilab action

PT1ℓ renorm.

DW+static approx.

DW+static approx.

PT1ℓ renorm., CL
Stagg+NRQCD

NP renorm.,CL
TM/OS+ratio method

N
f
=

2
+

1
N

f
=

2
N

f
=

2
+

1

FLAG av.

FNAL/MILC

RBC

HPQCD

ETMC

RBC(2014)

1.31.21.11.00.91.41.31.21.1

Figure 3: Overview of lattice results for the SU(3) ratios ξ and
BBs/BBd . FLAG averages have been also added. The colour code
is the same as in Fig.1.

fBs

√
BBs[MeV]fBd

√
BBdB̂BsB̂Bd

N
f
=

2
+

1
N

f
=

2
N

f
=

2
+

1

FLAG av.

FNAL

HPQCD

ETMC

(2014)

RBC

2802402502101.41.21.01.41.21.0

Figure 4: Overview of lattice results for the quantities B̂Bs, B̂Bd ,
fBd
√

BBd and fBs
√

BBs. The colour code is the same as in Fig.1.

Collaboration N f ξ BBs/BBd
ETMC [9] 2 1.225(30) 1.007(20)
FNAL [30] 2+1 1.268(63) 1.06(11)
RBC/UKQCD [37] 2+1 1.13(12) -
HPQCD [29] 2+1 1.258(33) 1.05(7)
RBC [38] 2+1 1.208(60) 1.028(74)
FLAG [17] 2+1 1.268(63) 1.06(11)

Table 4: Recent lattice results for ξ and BBs/BBd by the different col-
laborations and the FLAG average.

Collaboration N f B̂Bd B̂Bs fBd
√

BBd fBs
√

BBs
ETMC [9] 2 1.30(6) 1.32(5) 216(10) 262(10)
FNAL [30] 2+1 250(23) 291(18)
HPQCD [29] 2+1 1.27(10) 1.33(6) 216(15) 266(18)
RBC [38] 2+1 1.17(22) 1.22(13) 240(22) 290(22)
FLAG [17] 2+1 1.27(10) 1.33(6) 216(15) 266(18)

Table 5: Recent lattice results for RGI Bd(s) and fBd(s)
√

BBd(s) in MeV
by the different collaborations and the FLAG average.

6. B0 − B
0

mixing beyond the Standard Model

The ETMC has computed the non SM B2−5 param-
eters employing the ratio method approach on N f =

2 ensembles [9]. There is also work in progress by
FNAL/MILC to compute the B-parameters complete
basis of four-fermion operators. Preliminary results can
be found in [33] and updates have been reported at the
Lattice 2012 [35], 2013 [27] and 2014 conferences. Ta-
ble 6 reports both results. Note that FNAL/MILC B2−5
parameters defined in Eq.(1.4) of [33] differ from the
ETMC definition, which is the one in Eq.(10), by a fac-
tor of3 M2

B(s)/(mb(µ) + mq(µ))2 .

ETMC i = 1 2 3 4 5

fBd

√
B(d)

i 174(8) 160(8) 177(17) 185(9) 229(14)

fBs

√
B(s)

i 211(8) 195(7) 215(17) 220(9) 285(14)
FNAL/MILC i = 1 2 3 4 5

fBd

√
B(d)

i 202(36) 183(11) 190(36) 241(26) 282(33)

fBs

√
B(s)

i 236(29) 225(28) 231(38) 293(32) 336(38)

Table 6: fB
√

Bi results from ETMC [9] and FNAL/MILC [33] for
Bd and Bs mesons. Bi are renormalized in MS scheme of [26] at the
scale of b-quark mass. Due to the different definition of B2−5 between
ETMC and FNAL/MILC, for the comparison, the FNAL/MILC re-
sults have been converted to the definition in Eq.(10) using the factor
MB(s)/(mb(µ) + mq(µ)) with the PDG values for mb and mq.

7. Deviation from VIA

Finally, it is interesting to mention the results re-
ported in [41] where the deviation of the VIA for the
matrix elements of the complete basis of ∆F = 2 opera-
tors are systematically investigated. Large violations of
the VIA are found in the kaon sector, in particular for
one of the two relevant Wick contractions which con-
firm the results found in [42] for the operator contribut-
ing in the SM. These deviations decrease as the meson
mass increases and the VIA predictions turn out to pro-
vide closer results to the lattice ones for B-mesons and,
even better, in the infinite mass limit.

8. Conclusions

In the last years, several collaborations using differ-
ent lattice regularizations have provided new or updated
unquenched results for the BK parameter that are in nice
agreement between them. The comparison of BK re-
sults indicate that the systematic error introduced by the

3I would like to thank Elvira Gamiz for bringing to my attention
this point.
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quenching is smaller than other systematic uncertain-
ties. The BK estimate from the lattice, which histori-
cally was the larger source of uncertainty in the εK de-
termination of Eq.(2), is now in the third place in the
error budget. The main sources of systematic error in
the BK computation used to be the chiral extrapolation
to the physical point and the renormalization procedure.
Nowadays, simulations with near physical pion masses
are feasible and many collaborations make use of non
perturbative renormalization. As a consequence, the BK

computation has entered in the era of precision measure-
ments with total estimated uncertainty of 1.5-4%, with
the largest systematic error coming in most cases from
the renormalization.

In contrast, physical pion mass gauge ensembles are
still not used for mixing quantities in the B-sector. Of
course, B-physics is a very active field in the lattice
community and a significant improvement for these
quantities is expected in the next few years.

Since there are several groups using different lattice
methods to calculate the same quantities and provide
complete error budgets, there is the necessity of com-
bining all these results in a final number. This is actually
the scope of the FLAG collaboration, that is, to provide
the best lattice estimate to be used in a phenomenologi-
cal analysis. In particular, this is the case for the K- and
B-mixing parameters in the SM.

There is also a recent effort to compute the matrix
elements of the full ∆F = 2 operators. Further inves-
tigations are needed here since in the K0 − K

0
mixing

RBC/UKQCD and ETMC have found compatible re-
sults, but B4−5 values are in tension with the ones ob-
tained by SWME. For fB

√
Bi, the FNAL/MILC and

ETMC results have discrepancies at the level of 1-2σ
for B2,B3,B5 and 3σ for B4.

B-parameters BSM are still not included among the
FLAG averages. ETMC is the only collaboration up to
now that has published final results for the B2−5 parame-
ters in the K, D and B sector providing a complete error
budget. These results can be used as input in the rele-
vant phenomenological analyses.
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